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 BLS – Brillouin light scattering 
 EG – ethylene glycol 
 FESEM – field emission scanning electron microscopy  
 TEM – transmission electron microscopy 
 l – the angular momentum quantum number 
 m – the z-component of the angular momentum 
 n – the sequence of modes in increasing order of energy 
 PMMA – poly(methyl methacrylate) 
 PS – polystyrene 
 PVP – poly(vinylpyrrolidone) 
 rpm – rounds per minute 
 RIE – reactive ion etching 
 SEM – scanning electron microscope 
 SC – spin coating 
 VL – longitudinal sound velocity 






This PhD research focuses on the Brillouin light scattering (BLS) studies of 
confined acoustic phonons of nanostructures. The eigenvibrations of homogeneous 
and heterogeneous nanoparticles, viz. nanocubes, oblate nanospheroids, and (cubic 
core)-shell nanoparticles, have been investigated. The nature of the confined acoustic 
modes has been revealed. Findings obtained should be of interest to both nanoscience 
and nanotechnology. 
In Chapter 1, an introduction is presented, followed by a brief review of the 
studies of the eigenvibrations of nanostructures, and finally the objectives of the 
present study are given. 
Chapter 2 gives detailed information on Brillouin light scattering (BLS). The 
kinematics of BLS for phonons are first introduced, followed by a description of the 
experiment setup used in this thesis. 
Chapter 3 introduces the elastic theory of nanoparticles. The general equations 
of motion solved by analytical and numerical methods to ascertain the acoustic 
dynamics of homogeneous and heterogeneous nanoparticles are introduced. Also, the 
calculation of the scattering cross-sections of the eigenmodes with significant 
Brillouin scattering intensities is introduced.  
 viii 
 
Chapter 4 reports on the Brillouin study of silver nanocubes which reveal that 
their observed modes are dilatational in nature, and that their elastic constants are 
comparable to those of bulk silver. Also, the eigenmodes of the family of cubo-
spherical objects are investigated by numerical simulations.  
In Chapter 5, the first measurements of confined vibrational modes of core-
shell nanoparticles with non-spherical symmetry are reported. The particle-size 
dependence of their mode frequencies has been mapped by Brillouin light scattering. 
Finite element simulations have been performed to ascertain the dependence of core-
shell eigenmodes on the shape of the core, thickness of the shell, and component 
materials. The eigenvibrations of hollow capsules are also investigated. 
Chapter 6 deals with the eigenvibrations of polystyrene oblate nanospheroids. 
Moszkowski’s perturbation theory and finite element simulations were employed to 
ascertain the eigenvibrations of the PS oblate nanospheroids.  
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Chapter 1 Introduction 
1.1 Introduction 
A nanostructure generally refers to an intermediate size between molecular 
and macroscopic structures [1]. In describing nanostructures it is necessary to 
differentiate between the number of dimensions on the nanoscale. For example, 
different from nanotextured surfaces and nanotubes that have one and two dimensions 
on the nanoscale, respectively, nanoparticles have three dimensions on the nanoscale. 
Nanoparticles already exist widely in nature, such as in volcanic ash, ocean spray, 
forest-fire smoke, clouds and clay [2].  
 
Nanoparticles are of particular interest because of the new or enhanced size-
dependent properties that have enabled applications of nanoparticles in diverse areas, 
such as catalysis, optics, cosmetics, biosensing, bioimaging, and drug delivery [3-14]. 
Nanoparticles are not simply a miniaturization of materials from macro scale down to 
nano scale. Take copper nanoparticles as an example. When their size is smaller than 
50 nm, they become super hard materials that do not exhibit the same malleability 
and ductility as bulk copper [15].  
 




One of the most important factors that differentiate the properties of 
nanoparticles from those of conventional bulk materials is the quantum confinement 
effect. The quantum confinement effect can be observed once the size of the particle 
is of the order of the wavelength of the wave function. Because of quantum 
confinement effect, the thermal, magnetic, electronic, and optical properties of 
nanoparticles deviate substantially from those of their bulk materials. In particular, 
the elastic vibrations of the lattice, which play a major role in a material's thermal and 
electrical conductivities, are found to be restricted to a set of discrete characteristic 
eigenfrequencies. These eigenfrequencies of nanoparticles, which arise from confined 
phonons, are usually located in the gigahertz range, and referred as hypersonic 
eigenvibrations. Recently, several researchers have reported that the hypersonic 
eigenvibrations of these nanoparticles show strong size and shape dependent features 
and thus are greatly different from acoustic waves in their corresponding bulk 
materials [16-18]. An understanding of these hypersonic vibrations of a particle is 
essential to the calculation of its thermal properties such as the specific heat due to 
phonons. As the thermal and mechanical properties of a particle are related to its 
hypersonic vibrations, information on the dependence of eigenvibrations of these 
nanoparticles on the shape, size, and component materials is of fundamental scientific 
interest. Such information would be of value in tailoring nanostructures with desired 
thermal and mechanical characteristics [19].  
 




1.2 Review of studies of the hypersonic eigenvibrations of nanoparticles 
Acoustic waves, such as transverse and longitudinal acoustic waves, are used 
to describe the dynamic motions in an infinite elastic solid medium. However, when 
the size of a solid object decreases to be near or smaller than the phonon wavelength, 
phonon confinement results in a strong modification of the acoustic phonon spectrum 
[20]. Knowledge of confined acoustic modes can be employed in areas such as  
potential detection of gravitational waves by resonant-mass detectors [21]. 
Observations of solar and stellar acoustic oscillations can also provide detailed 
information about stellar interiors [22]. In addition, the confined acoustic modes are 
sensitive to physical structures and should show features that are dependent on the 
size, shape, and material of nanoparticles. These eigenvibrations have been widely 
studied by techniques like time-resolved spectroscopy, Raman scattering, and 
Brillouin light scattering [16, 23-25]. 
 
Time-resolved spectroscopy is an important technique used to investigate the 
confined acoustic modes of nanoparticles [26-28]. It is a time domain technique, and 
is also called the pump-probe method because two short optical pulses are used in this 
technique. Using femtosecond-pulsed lasers, it is possible to study processes which 
occur on time scales as short as 10
−14
 seconds. Thus, the ultrafast response of samples 
upon femtosecond excitation of their plasmon resonance can be measured. However, 
in the study of eigenvibrations of nanoparticles, this technique is limited to metal 




particles because free electrons are needed to absorb and transfer the energy from the 
ultrafast laser pulse used as the pump light [27]. In addition, it can only probe 
acoustic phonons in the time domain, whereas theoretically, it is more convenient to 
deal with acoustic phonons in the frequency domain. 
 
Raman scattering technique is suitable to study confined acoustic modes with 
frequencies in the frequency domain. The Raman study of the confined acoustic 
modes of spinel microcrystallines was first reported by Duval et al. in 1986 [29]. 
Very-low-frequency bands were observed in the Raman spectrum and the frequency 
of the maximum of scattering was found to shift with the variation in the particle size. 
That is, the mode frequency is proportional to the inverse diameters of the particles. 
In the following years, nanoparticles of different materials, such as Si, Ag, and ZnO 
have been studied by using Raman scattering [25, 30, 31]. However, these Raman 
experiments only study the particles of sizes ranging from several nm to tens of nm 
because it is very hard for Raman scattering to detect the vibrations of frequency 
below the terahertz range.  
 
Hypersonic eigenfrequencies of particles of several hundreds of nanometres or 
microns with frequencies in the gigahertz range were not studied until Brillouin light 
scattering was introduced to this field [16]. Brillouin light scattering (BLS), a non-
destructive and contactless technique, is ideally suited for the investigation of these 




modes. The confined acoustic modes in three dimensional nanoparticles such as 
nanospheres and nanocubes are more complicated. Using Brillouin light scattering, 
many more confined acoustic modes can be observed and the mode frequencies are 
measured more accurately. Kuok et al. (2003) first studied the vibrational modes in 
three-dimensional ordered arrays of unembedded SiO2 nanospheres by Brillouin light 
scattering. This is the first Brillouin observation of acoustic mode quantization in a 
nanoparticle arising from spatial confinement [16]. Lim et al. (2004) observed the 
dependence of the confined acoustic mode frequencies on the diameters of loose 
silica spheres. It is established that bulk acoustic modes are observed in particles 
whose dimensions are about three times larger than the mode wavelength. 
Additionally, sizing of the diameters of spheres can be carried out using Brillouin 
scattering [18]. Recently, with the development of micro-Brillouin system it is 
possible to measure the inelastic scattering from an isolated single particle, as small 
as 260 nm in diameter [32]. It is noteworthy that for a 260 nm particle, its dimension 
is only about half the wavelength of the excitation visible radiation used. The 
feasibility of recording Brillouin signal from a sample as tiny as this and of such 
minute quantity (only one particle needed) further enhances the capabilities of 
Brillouin light scattering as a powerful investigative tool. In recent years, several 
researchers have studied the Brillouin scattering from nanospheres, hollow 
nanospheres, and core-shell nanospheres as a function of their size [17, 33-35].  
 




However, most studies have been done on the dependence of eigenvibrations 
on particle (with spherical symmetry) size [16, 32, 34-37], there is scarce information 
on the influence of geometric shape or component material on the eigenvibrations of 
a particle. Indeed, a major impediment to research into such nonspherical 
nanoparticles is the difficulty in elucidating the nature of their eigenmodes and 
synthesizing high-quality monodisperse samples.  
 
The nature of the eigenmodes of a homogeneous elastic sphere has been 
revealed theoretically by Lamb in 1882 [38]. A free surface is required by Lamb’s 
theory as the boundary condition. In this theory, the confined acoustic modes of a 
sphere are classified as spheroidal or torsional, which are labeled by l = 0, 1, 2, . . . 
the angular momentum quantum number, and n = 1, 2, 3, . . .  the sequence of modes 
in increasing order of energy. According to Lamb’s prediction, the localized 
eigenfrequencies are scaled inversely proportional to the sphere diameter. Recently, 
the concept, called mode-wave duality, has been introduced for a sphere, which is 
quite useful for eigenvibrations study as the two formulations provide different 
insights and jointly lead to deeper understanding of the vibration. According to Stein 
[39], the motion of wave could be viewed in two ways: either as the sum of standing 
waves, called mode, or as waves propagating around the sphere, called wave. Both of 
these descriptions came from applying Newton’s second law of motion, and are 
equivalent because all the features of wave propagation, such as the velocities and 




amplitudes of the reflected and transmitted waves, come out the same. Thus, all body 
and surface waves can be described as the sums of the normal modes, also called free 
vibrations, of the sphere. For torsional modes, the vector spherical harmonic generally 
has an φ component greater than its θ component, so its displacement is primarily 
perpendicular to the longitudinal plane, like a Love wave. By contrast, the spheroidal 
mode vector spherical harmonic generally has a θ component greater than its φ 
component, and so causes displacement primarily in the longitudinal plane, like a 
Rayleigh wave. This concept has been extended to the Earth and used for discussion 
of seismological investigations of Earth structure. 
 
It is well known that, not all these confined acoustic modes of spheres are 
experimentally observable. According to Duval’s  prediction [40], torsional modes 
are not observable by Raman scattering. Very recently, Kanehisa [41] pointed out that 
only the torsional mode with l = 2 was Raman-active. A subsequent comment, by 
Goupalov et al [42], which refuted Kanehisa’s model and his subsequent rebuttal [43] 
have exacerbated the current controversy. Wu et al. [44] report that the localized 
acoustic phonon torsional modes resulting from the surface vibrations of quasifree Si 
nanocrystals with nonspherical shapes are identified according to the usual vibration 
theory of the elastic body and related symmetry analysis. Indeed very often, for 
simplicity in analysis, particles are treated as perfectly spherical bodies [44-46] and 
the experimental data on their eigenmodes are analyzed within the Lamb theory [38] 
for a homogeneous free sphere. For particles with non-spherical shape, it is 




impossible to get the exact solution of the motion equation. Thus, developing other 
method to theoretically study confined acoustic modes of nanoparticles is important. 
In this thesis, a numerical method will be used for elucidating the nature of the 
eigenmodes of non-spherical nanoparticles.  
  
As mentioned above, another impediment to research into such nonspherical 
nanoparticles is the difficulty in synthesizing high-quality monodisperse samples, 
especially those larger than 50 nm. However, due to their wide applications, recent 
years have seen the rapid development of synthetic techniques for producing 
nonspherical nanoparticles of various symmetries such as cubes, octahedra, triangular 
prisms, and other exotic shapes [47-53]. In this thesis, modified Stöber sol−gel 
method and reactive ion etching (RIE) technology are used for fabricating the non-
spherical nanoparticles.  
 
1.3 Objectives of present study 
In this thesis, Brillouin light scattering was performed to study the hypersonic 
eigenvibrations of homogeneous and heterogeneous nanoparticles. There are four 
main aims in this thesis.  
 
(1) To investigate the confined acoustic eigenvibrations of nanocubes. 




The confined eigenvibrations of silver nanocubes were investigated by 
Brillouin light scattering and the experimental results were shown in Chapter 4. The 
nature of the observed modes was revealed according to the Brillouin intensities 
calculation. 
 
(2) To investigate the correlation between the eigenmodes of the cube and the 
sphere. 
The correlation between the vibrational eigenmodes of the cube and the 
sphere was established for the first time, which could serve as a reference for 
determining the eigenfrequencies of cubo-spherical objects of any size. Several 
interesting findings were revealed in Chapter 4. 
 
(3) To study the confined acoustic modes of heterogeneous nanostructures. 
To ascertain the influence of the shape, size and component material of 
heterogeneous nanoparticles, the eigenvibrations of core-shell nanoparticles have 
been studied by Brillouin light scattering. The nature of the observed acoustic modes 
was revealed by finite element methods. 
 




(4) To systematically study the lifting of the degeneracy of the eigenmodes of 
the sphere. 
The eigenvibrations of PS oblate nanospheroids have been systematically 
studied. The nature of the eigenvibrations of the PS oblate nanospheroids was 
revealed by Moszkowski’s perturbation theory and finite element simulations. The 
lifting of the degeneracy of the lowest-energy spheroidal mode of PS nanospheres 
was observed by BLS for the first time. 
 
The results of these Brillouin scattering studies may be used as a guide for 
predicting the confined acoustic modes of nanoparticles with different structures and 
have significant impact on discovering the thermal and mechanical properties of 
nanoparticles. 




Chapter 2 Brillouin Light Scattering 
2.1 Introduction 
Brillouin light scattering (BLS) is inelastic light scattering by excitations, such 
as phonons and magnons, with frequencies in the gigahertz (GHz) regime. Prediction 
of inelastic light scattering by acoustic phonons was first made by Brillouin [54] and, 
independently, by Mandelstam [55] in the 1920s, while a few years later Gross [56]  
gave the experimental confirmation of such a prediction in liquids.  
 
 BLS is a non-contact and non-destructive technique which is ideal for 
studying acoustic phonons in nanoparticles and nanostructured arrays [16, 18, 33, 35, 
57]. Recently, with the development of the micro-Brillouin system, Li et al. have 
successfully recorded the Brillouin spectrum of one single isolated silica nanosphere 
with a diameter of only 260 nm. Interestingly, the size of nanosphere is about half of 
the wavelength laser light (514.5 nm) used [32]. 
 
 In this chapter, the kinematics of BLS for phonons are first introduced, 
followed by a description of the experiment setup used in this thesis.  
 




2.2 Kinematics of Brillouin scattering  
In a BLS experiment a laser beam of fixed angular frequency and wavevector 
is incident on the surface of a sample. Fig. 2.1 shows the scattering geometry with an 
incident angle of i to the surface normal. Most of the light is specularly reflected or 
absorbed. 
 
Fig. 2.1 Scattering geometry showing the incident and scattered light wavevectors ki 
and ks; the surface and bulk phonon (magnon) wavevectors qS and qB. i and s are the 
angles between the out going surface normal and the respective incident and scattered 
light. (The plane which contains the wavevector of the scattered light and the surface 
normal of the sample is defined as the scattering plane.) 
 




However, as a result of thermal excitation (phonon), a small fraction of the 
light is inelastically scattered with a frequency shift depending on the nature of the 
scattering process. The spectrum of the light inelastically scattered at an angle s 
contains information about surface or bulk (or both) phonons. In the usual 
implementation of BLS, the scattered light is collected in the direction 180° from the 
incident light and thus
i s  , which is known as the 180°-backscattering geometry. 
 
The kinematics of Brillouin scattering follows directly from the conservation 
of energy  E  and the conservation of momentum  p k : 
                                                            s i                             (2.1) 
                                                              s ik k q                                          (2.2) 
where  and q are the angular frequency and the wave vector of the phonon 
respectively, while i, ik , s, and sk are angular frequencies and wave vectors of the 
incident and the scattered light, respectively.  
 
From a quantum mechanics point of view, this effect is interpreted as the 
creation or annihilation of a phonon in which the photon loses or gains the energy of 
the phonon. These processes are schematically illustrated in Fig 2.2. The “+” sign 




indicates that the photon absorbs a phonon (anti-Stokes shift), and the “” sign 
indicates that the photon emits a phonon (Stokes shift). 
 
 
Fig. 2.2 Kinematics of (a) Stokes and (b) anti-Stokes scattering events in Brillouin 
scattering.  
 
As the energy of acoustic phonons is of the order of 10
-2
 eV compared to the 
energy of a visible photon (wavelength
0 ), typically a few eV, the difference 
between i and s is small, i.e. 
.i s                                               (2.3) 
Since ik  and sk  are nearly the same, thus: 




 i sk k                                       (2.4) 
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where n is the refractive index of the scattering medium for a given frequency of the 
light, and c is velocity of light. 
 
In this case the scattering angle   in Figure 2.1 is given by  




    
 
i s ik k k                           (2.5) 
From eq. (2.5), it can be seen that the wave vector of the phonon, q  2
i,sk . As the 
wave vector k 104 cm-1 for light in the visible and ultraviolet region, q is far below 
the distinguishing value of Brillouin zone wave vectors (/a  108 cm-1, where a is 
the lattice parameter). This indicates that Brillouin scattering probed the dispersion 
curves of acoustic modes with very small wave vectors near the center of the 
Brillouin zone. The dispersion curves of acoustic modes is given by 
                                                     ,qV  q                                        (2.6) 
where Vq is the phase velocity of the phonon.  
 
Based on equations (2.3)-(2.6), the Brillouin shift is 
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i sn n n  , it follows that 
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              (2.8) 
The shift is maximal in the backscattering geometry when   = 180, and zero at   = 
0. Thus, backscattering configuration is a familiar configuration in most Brillouin 
experiments. The order of magnitude of  is about 1 cm-1 (~ 30 GHz), which is too 
small to be recognized by grating spectrometers, which mainly used in Raman 
scattering spectroscopy. Therefore, multipass Fabry-Perot spectrometry as a 
specialized technique in BLS spectroscopy is used to observe Brillouin peaks located 
in the GHz range. 
 
2.3 Experimental setup 
 The schematics of a typical BLS experimental arrangement are displayed in 
Figure 2.3. There are four main components of the setup: (1) a continuous single-
mode laser which serves as the excitation light source, (2) a collection/focusing optics 
system, (3) a high-contrast tandem Fabry-Perot interferometer (FPI), equipped with a 
photon detector, for spectral analysis of the scattered light, and (4) a computerized 
data acquisition system.  
 




A beam splitter, which is placed in front of the laser, separates the laser beam 
into two perpendicular components. Part of the deflected beam is directed into the FPI 
and serves as reference beam. The other part of the beam is reflected by a tiny mirror 
after passing through a step filter, and finally focused by a collection lens onto the 
sample as the excitation source. The scattered light is collected by the same lens and 
focused onto the entrance unit of a JRS Scientific Instrument (3+3)-pass tandem FPI 
for analysis. The dispersed radiation is detected by a photon detector and the signals 
are sent to a computer for storage and analysis. For the study of eigenvibrations of 
nanoparticles, a microscope is used for the observation of the tiny samples. The 
whole optical system and the interferometer are supported by an optical bench system 
which rests on a steel plate. Vibration isolators are used to protect the delicate high-
resolution interferometer against vibrations. 




   
 
Fig. 2.3 Schematics of BLS set-up in the 180° - backscattering geometry. 
 
2.4 Instrumentations 
2.4.1 Argon-ion laser 
For Brillouin scattering studies, laser light of single frequency and single 
mode is essential. A Spectra-Physics BeamLok 2060-6RS argon-ion laser equipped 
with microprocessor-based Model 587 Z-Lok system was utilized in this project to 
meet these requirements. The equipment is shown in Figure 2.4.  







ion laser system consists of a BeamLok laser head, plasma tube, 
Model 2580 power supply, Model 2470 system remote control module, and Model 
2474 Beamlock remote control module. These components make up a laser system 
that is extremely stable. BeamLok is an active beam positioning system. It provides 
an automatic means of holding the output beam falling on a fixed reference point. 
When engaged, the beam position detector will sense any change in beam position 
and adjust the output coupler to compensate. The microprocessor-based Model 587 Z-
Lok system is an etalon accessory for Spectra-Physics BeamLok-series ion lasers. It 
provides automated single-frequency operation with stable output power. When 
combined with BeamLok, it controls the laser cavity length in order to stabilize both 
frequency and beam movement as well as to prevent mode hops. A water chiller 
circulates distilled water to the laser tube in order to prevent over-heating of the laser 
compartments. The circulation of the chilled water is to be maintained throughout the 
whole experiment. The laser power output is normally set to 200 mW at 514.5 nm.  
 





Fig. 2.4 BLS set-up in the 180° - backscattering geometry used in this thesis with 
Spectra-Physics BeamLok 2060-6RS argon-ion laser. 
 
2.4.2 Multi-pass tandem Fabry-Perot interferometer 
In Brillouin experiments, the Fabry-Perot interferometer using the tandem 
etalon arrangement was invented by Sandercock [58, 59]. The layout of the tandem 
FPI system is shown in Figure 2.5. The first interferometer FP1 lies in the direction of 
the translation stage movement. One mirror sits on the translation stage, and the other 
on a separate angular orientation device. The second interferometer FP2 lies with its 
axis at an angle θ to the scan direction. One mirror is mounted on the translation stage 




in proximity to the mirror of FP1, the second mirror on an angular orientation device. 
The changes in FP1 δL1 and in FP2 δL2 satisfy the synchronization condition: 
  
1 2 1 2/ / .L L L L                                                     (2.9) 
 
 
Fig. 2.5 The translation stage allowing automatic synchronization scans of the Fabry-
Perot tandem interferometer.  
 
 In the JRS (3+3)-pass tandem FPI, the two interferometers are arranged by a 
novel parallelogram construction which can achieve both statically and dynamically 
stable synchronization [60]. The advantages of the tandem FP interferometer include 
Translation 
Stage 
Direction of Movement 
L1 








tilt-free scan, high linear scan, continuous change and measurement of mirror 
spacing, ability to change the mirror spacing moderately without losing alignment, 
higher contrast and larger effective free spectrum range (FSR) (5 GHz to 300 GHz).  
 
2.4.3 Detector 
Since the Brillouin signal is generally weak, a highly sensitive single photon 
counting module, Model SPCM-AQR-16 from EG&G, was employed in the 
experiments. This detector can detect photons of wavelength ranging from 400 to 
1600 nm, and its quantum efficiency (QE) is slightly over 60% at 500 nm. The high 
quantum efficiency means that weak signals can be measured far more quickly than 
with normal photomultiplier tubes (typical QE 10-15%). The SPCM- AQR-16 is a 
photon counting system producing TTL pulses. There is a dead time of about 50 ns 
between pulses. Interfaced with a thermoelectrically cooled and temperature 
controlled silicon avalanche photodiode, this detector ensures a stable performance. 
The detector is connected to the output of the interferometer whereby the photons 
pulses are collected and displayed as spectra on the monitor. 
 




Chapter 3 Elasticity Theory of Nanoparticles 
3.1 Introduction 
The purpose of this chapter is to introduce some theoretical concepts and 
calculation methods which lay the foundation for the interpretation of the 
experimental and simulation work in this thesis. This chapter is separated into four 
sections. The first section recalls some fundamental concepts in the theory of 
elasticity for solids and continues by applying those concepts to the studies on 
nanoparticles. Then, the general equation of motion is derived in the following 
section. In the third section, the general equations of motion solved by analytical and 
numerical methods to ascertain the acoustic dynamics of homogeneous and 
heterogeneous nanoparticles are introduced. In the last section, the calculation of the 
scattering cross-sections of the eigenmodes is introduced.  
 
3.2 Basic concepts in elasticity 
An ideal elastic body subjected to infinitesimal stresses and undergoing 
infinitesimal strains is considered. Under these conditions the components stress 
tensor (σij) and strain tensor (εkl) are linear functions of each other. The elastic 
behaviour of the material is characterized by the components of the elastic stiffness 
tensor (cijkl), which represents a measure of the resistance of the material to elastic 




deformation, or equivalently those of the compliance tensor (sijkl), which represents a 
measure of the ease of elastic deformation of the material. These two tensors bear an 
inverse relationship to each other. For tabulation purposes, the matrix forms of the 
stiffness tensor (Cαβ) and the compliance tensor (Sαβ) are used. For isotropic solids, 
engineering constants Young’s modulus (Y), shear modulus (G), bulk modulus (K), 
and Poisson’s ratio (ν) are favoured.  
  
Hooke’s law is the basic theory to describe the linear elasticity in solids 
formulated by Robert Hooke in 1676. It states that, for relatively small deformations 
of an object, the displacement or size of the deformation is directly proportional to the 
deforming force or load. An ideal elastic body becomes strained when subjected to 
stresses, and when the stresses are removed, the strains disappear. According to 
Hooke’s law, the stress is proportional to the strain for small displacements. Cauchy 
generalized Hooke’s law to three dimensional elastic bodies and stated that the stress 
is linearly related to the strain. Thus the generalized Hooke’s law can be written as 
σij = cijkl εkl .                                                        (3.1) 
 
As both the strain and stress tensor are symmetrical with respect to 
interchange of indices i and j, there are only six independent components of stress and 
strain. In consequence there are thirty-six independent stiffnesses. This simplification 




[61] is exploited by replacing each pair of indices i j with a single index 1, 2, 3, … 6 
as follows: 
11 → 1, 22 → 2, 33 → 3, 23 ≡ 32 → 4, 31 ≡ 13 → 5, 12 ≡ 21 → 6.     (3.2) 
In a matrix form, the stiffness tensor can be expressed as 
1111 1122 1133 1123 1131 1112
2211 2222 2233 2223 2231 2212
3311 3322 3333 3323 3331 3312
2311 2322 2333 2323 2331 2312
3111
c c c c c c
c c c c c c
c c c c c c
c c c c c c
c
     
     
     
     
 3122 3133 3123 3131 3112
1211 1222 1233 1223 1231 1212
c c c c c
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      
(3.3) 
 
As the stiffness matrices are symmetric, only twenty-one stiffness components 
are actually independent in Hooke’s law. The number of independent elastic constants 
is reduced further if the crystal possesses symmetry elements. For example, by 
assuming homogeneity and isotropy, the number of independent elastic constants is 
reduced further from twenty-one to two:  











     
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    
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                       (3.4) 
 




In the case of an isotropic solid, their mechanical properties are the same in all 
orientations. The Young’s modulus (Y) and Poisson’s ratio (ν) for isotropic solids are 
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                                                              (3.6) 
These formulas will be used in Chapter 4, 5, and 6 for the finite element 
analysis. 
 
3.3 Dynamic motions of an elastic solid 
Compared with the static methods, the dynamic methods that rely on time or 
frequency measurements, which are often performed with greater accuracy and 
suitable to smaller specimens, are used for studying the elastic properties of 
nanoparticles. 
 
In a uniform stress field and in the absence of body forces and torques, the 
particles in a solid experience no resultant forces, and so there are no accelerations. 
Accelerated motion is brought about by nonuniformity in the stress field or stress 
gradient. Consider the two forces in the 
1x  direction acting on a small cube of side 




x  depicted in Figure 3.1. These forces acting across the two faces normal to the 
1x  
direction are not exactly equal and opposite, since they depend on the stress 
11  
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Fig. 3.1 Forces exerted on an infinitesimal cube by the surrounding material in the 
presence of a stress gradient. 
 
The same argument can be applied to the 
2x  and 3x  component of force, and 
the i’th component of the resultant force is therefore 











                                          (3.8) 
This force causes an acceleration, according to Newton’s second law, which is given 
by  
















                                   (3.9) 
where 3m x  is the mass of the cube, ρ is the material density. Then, from the 
above two equations (3.8 and 3.9), it follows that [63, 64] 













                                          (3.10) 
Expressing the stress in terms of stress-strain relations (see Eq. (3.1)) and the strain in 
terms of the displacement field, and making use of the symmetry of the elastic 













                         (3.11) 
This general equation, with the imposition of the stress-free boundary condition at the 
particle surface, can be solved to yield the frequencies and displacement profiles of 
the eigenmodes of free heterogeneous nanoparticles. 
 
If the propagation of elastic waves in homogeneous media is considered, Eq. 
(3.11) can be written as 












                                       (3.12) 




In Chapters 4 and 6, the eigenmode frequencies of homogeneous solid nanocubes and 
oblate nanospheroids are calculated based on Eq. (3.12). 
 
The equations of motion for an isotropic elastic medium can be written down 
as follows. By inspection of elastic constants matrix in Eq. (3.4), Eq. (3.12) can be 
expressed as  
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Using the vector identity 
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The equation of motion for an isotropic incompressible solid becomes 
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It can be also expressed as  










u+ u                              (3.17) 
The velocities VL and VT are often called as the longitudinal and transverse velocities 
of sound. Here 
L 11 /V C   
T 44 / .V C                                                  (3.18) 
 
3.4 Solution 
3.4.1 Analytic solution 
Very often the nanoparticles studied are, for simplicity, assumed to be 
spherical and the measured data are analyzed within the theory formulated by Lamb 
[38]. Here, the eigenvibrations of a free-standing isotropic sphere, with radius R, are 
derived by solving Eq. (3.17) under free-surface boundary conditions. This is 
achieved by writing the displacement field u(r,t) in terms of its longitudinal ul(r,t) 
and transverse ut(r,t) components, namely 
                                                                l tu u u                                                (3.19) 





 0 lu  and 0. tu                                                (3.20) 
Assuming harmonic time dependence for the displacement fields, the equation of 
motion, Eq. (3.17) can be written as 
                     
2 2 2( ) ( ) ( ) 0.L TV V =      l t l t l tu u u u + u u              (3.21) 
Using Eqs. (3.20), Eq. (3.21) is then separated into two vector Helmholtz equations 
for the longitudinal and transverse parts, which can be solved by introducing a scalar 
potential. The scalar Helmholtz equations are separable in spherical coordinates and 
the solutions can be written as  
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is a spherical Bessel function of the first kind and  
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and       are Legendre polynomials. Now      is used to construct three linearly 
independent solutions of Eq. (3.17), and in terms of orthogonal vector spherical 
harmonics, the vector fields    ,   , and    can be rewritten as  
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where the prime denotes differentiation with respect to the argument. 
 
Now, impose stress-free boundary conditions  
0ij jn                                                           (3.29) 
at the surface r = R of the nanospheres. Here n is an outward pointing normal vector 
and     is the stress tensor. The boundary-condition equations can be written in matrix 
form in spherical coordinates. After some simplifications, the determinant is obtained 
as 
                                 2( ) 2 ( ) 4 ( 1) 0l lpj pR pj pR EF l l E D                      (3.30) 
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or 
                                ( ) 2 ( ) 4 ( 1) 0.l lpj pR pj pR F l l ED                          (3.33) 
The eigenmodes frequencies can be obtained by solving these two equations, Eqs. 
(3.32) and (3.33), which are also called characteristic equations. Thus, there are two 
branches of vibrational modes. The branch referred to as the torsional branch, in Eq. 









   ,                  for l > 0.         (3.34) 
The other branch referred to as the spheroidal branch, in Eq. (3.33) can also be 
written as 
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    for l > 0.         (3.36)  
The eigenvalues of Eqs. (3.34) - (3.36) can be expressed as:   











                                      (3.37) 
where vnl is the mode frequency and D the sphere diameter.  
 
The acoustic eigenvibrations modes can be classified into two types. One type 
called torsional modes, for which the motion contains only transverse component. 
Because the radial component is absent, the volume of the sphere remains unchanged. 
The other type is called spheroidal modes, for which the motion contains both radial 
and transverse components. Figure 3.2 illustrates the respective schematics of the (n = 
1, l = 2) torsional and (n = 1, l = 0) spheroidal modes.  
 





                            (a)                                                                 (b)                         
Fig. 3.2 Schematics of (a) the (n = 1, l = 2) torsional mode and (b) the (n = 1, l = 0) 
spheroidal mode of a sphere. 
 
It is noted that in the torsional branch, Eq. (3.34), the l = 0 mode vibration is 
not included because of its null displacement. For spheroidal modes, only spheroidal 
modes with l = 0 have purely radial displacement (breathing modes). Eq. (3.37) 
implies that for an eigenmode of a sphere, its frequencies vnl are inversely 
proportional to D. This relation, known as the Lamb theory, was formulated by 
Horace Lamb  in 1882 [38]. He also extended the solution to include the effect of 
viscosity on the gravitational oscillations and later discussed the problem of free 
vibrations of a spherical shell [65]. Chree (1889) [66] gave the expressions of stresses 
and displacements in a sphere. Later, Bromwich (1899) [67] included the effect of 




gravity on the free vibrations of the sphere. The sphere problem in connection with 
the problems of geodynamics was considered by Love [68] in 1911. But connecting 
the sphere problem with earthquake damage was first discussed by Sezawa (1924, 
1938) [69, 70]. 
 
3.4.2 Numerical method 
The equation of motion for a homogeneous free sphere can be solved as above. 
However, the motion equation cannot be analytically solved for nonspherical 
homogeneous and heterogeneous particles. Finite element method is a numerical 
analysis technique for obtaining approximate solutions to problems in a wide variety 
of areas, such as physics, chemistry, biology, and engineering [71]. In the philosophy 
of finite element method, it is assumed at the outset that the unknown functions are 
approximated in some specific way in terms of a finite number of parameters. The 
selection of these parameters is based upon the satisfaction of the field and 
constitutive equations, and the boundary conditions. The success of a finite element 
algorithm depends upon the appropriateness of the approximation and of the rule for 
satisfying the equation.  
 
In this thesis, the software package used to model and simulate the 
eigenvibrations of nanoparticles is COMSOL Multiphysics. It is found to be a 
valuable tool, owing its success mainly to its versatility and flexible meshing abilities 




which allowed its operation in different nanoparticles, such as nanocubes, nano core-
shells, and oblate nanospheroids in an efficient manner.  
 
General issues with modeling eigenvibrations problems involve concepts such 
as speed, memory consumption, geometry representation, accuracy and 
postprocessing. The most attractive features of finite element method are its speed 
and meshing abilities. A given problem is divided into a finite number of elements via 
meshing process. Different shapes may be used for elements depending on the 
geometry to be resolved and the computational resources available. For a 3D 
geometry a free mesh containing tetrahedral elements are chosen. When modelling 
complicated geometries, the meshing is adjusted to give more accuracy in very thin 
regions. To visualize the mesh element quality, multi-scale meshing abilities are 
shown in Figure 3.3 for comparison. The quality measure is related to the aspect ratio, 
which means that anisotropic elements can get a low quality measure even though the 
element shape is reasonable. For tetrahedral elements, the mesh quality [72] is 
computed as  
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                              (3.38) 
where V is the volume, and h1, h2, h3, h4, h5, and h6, are the edge lengths of the 
tetrahedron. The value of q is a number between 0 and 1. The mesh quality does not 
affect the solution’s quality if q > 0.1. For a regular tetrahedron q is equal to 1. As 




shown in Figure 3.3, even for normal meshing, the quality q is larger than 0.2, which 
guarantees the quality of solution. The sphere can be represented efficiently by 
tetrahedral elements and the presence of variable size elements makes it possible to 
represent curved surfaces with high resolution at a reduced cost in terms of 
computing power.  
 
 
Fig. 3.3 Element quality plot for a fraction of the elements with normal (left) and 
finer (right) meshing abilities. The mesh quality magnitudes are color-coded, with red 
denoting the maximal value. 
 
The accuracy of the eigenfrequencies obtained by using finite element method 
is estimated by comparing the results of the computer program to the results for the 
few modes which can be solved exactly in a sphere. For comparison purposes, Table 
3.1 lists the errors (E) calculated by the following equation for the several lowest 
Lamb modes with normal, fine and finer meshing sizes. 











                                 (3.39)  
where C is the eigenfrequency obtained from the numerical method, A is the 
eigenfrequency obtained from the analytical method, and Max C A is the maximum 
relative difference between the eigenfrequencies obtained from numerical method and 
the analytical method for the same mode. 
 
As can be seen from Table 3.1, the accuracy is certainly less than 0.3% for all 
the low-frequency modes of interest. It is verified that the simulation results obtained 
by numerical calculations are consistent with the analytical method. And being an 
approximate method, the accuracy of the finite element method can be improved by 
refining the mesh in the model (i.e. by using more elements and nodes).  
 
  




Table 3.1 Accuracy of frequency determination for the Lamb modes of a nanosphere. 
Lamb modes 
Errors (%) for different mesh sizes 
Normal (%) Fine (%) Finer (%) 
1 Torsional (1, 2) mode 0.060967 0.056591 0.025963 
2 Spheroidal (1, 2) mode 0.106218 0.038342 0.000979 
3 Spheroidal (2, 1) mode 0.288546 0.256920 0.016260 
4 Torsional (1, 3) mode 0.260931 0.181861 0.053768 
5 Spheroidal (1, 3) mode 0.275652 0.121441 0.043757 
 
The model features are thoroughly analysed and tested prior to simulating the 
eigenvibrations of nanoparticles in this thesis. Finite element terminology defines the 
regions separated by boundaries in the simulation domain, as subdomains. Every 
subdomain is configurable to represent different materials, and is separated by 
boundaries which relate different media to each other. The analysis type such as the 
eigenvalue solver is selected to study the eigenvibrations of nanoparticle by solving a 
partial differential equations (PDE) problem in the form of Eqs. (3.11) and (3.12), 
assuming the free boundary condition. Structural Mechanics Module is used for the 
determination of displacements and frequencies of the eigenvibrations of various 
nanoparticles in Chapter 4, 5 and 6. 
 




3.5 Intensity calculation 
As mentioned above, the frequencies and mode profiles can be obtained for 
nanoparticles with arbitrary shape. However, not all these modes are observable in the 
BLS experiment. Thus, the intensity calculation is very important for identifying the 
observed peaks. The scattering cross-sections of the modes are calculated to identify 
those with significant Brillouin scattering intensities. 
 
The general equation for contribution of the pth mode, with frequency  p, to 
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Here, α and β are the directions of polarization of the incident and scattered photon, 
respectively,         is the exchanged wavevector, and  
1( , ) [exp( / ) 1]n T h kT    is the Bose-Einstein factor. The first term,
( , )q x q e
ii i
i
e i i p 
      , is referred to as the Brillouin term. It describes the 
polarization fluctuations due to the displacement of the units from their equilibrium 
position: the polarizability of each unit does not change, but the density of the units is 





   is referred to as 
the Raman term. It is due to two kinds of induced effects. One is the local field 




changes due to the motion of the surrounding dipoles. The other one is the electronic 
polarizability changes with the change of the atomic distances. 
 
In a continuum approximation, the equilibrium macroscopic polarizability 
density tensor ( )xP  can be used instead of the microscopic polarization of the 
polarizable units, 
i
  and the sum in Eq. (3.40) is transformed into a space integral. 
Furthermore, if the material is homogeneous and isotropic, ( )xP  
can be expressed 
as 
( )xP P  .                                                  (3.41) 
 
Neglecting the Raman term, the Brillouin intensity [73, 74] of the pth mode of 
angular frequency p becomes 










q e                                  (3.42)
 
where ep is the normalized eigenvector, and q the exchanged wavevector. Ip is 
averaged over various q’s ranging from 0 to 0.05 nm-1 (= 4n/, where n is the 
refractive index, and  is the laser wavelength).  
 




To test the accuracy and reliability of the intensity calculation, comparison 
between experiment and theory is studied. Figure 3.4(a) shows typical BLS 
eigenmode spectrum for the homogeneous silica spheres with diameter D = 275 nm. 
For calculations, the parameters are taken from Ref. [18]. The calculated result is 
shown in Figure 3.4(b) for the anti-Stokes side of the spectrum. Good agreement 
between the calculated and experimental spectra can be seen in Figure 3.4.  
  




     
Fig. 3.4 (a) Brillouin spectrum of 275-nm-diameter silica nanospheres. Experimental 
data are denoted by dots. The spectrum is fitted with Lorentzian functions (dashed 
curves) and a background (dotted curves), while the resultant fitted spectrum is 
shown as a solid curve. (b) Calculated spectrum of 275-nm-diameter silica 
nanospheres using Eq. (3.42). The solid line gives the sum of all calculated mode 
intensities. For clarity, only the anti-Stokes side is shown. 





It is thus verified that the calculated results obtained from Eq. (3.42) are 
consistent with experimental results for simple structures. This provides confidence in 
further study. The computed size-dependence of frequencies of modes with 
significant intensities is compared with experimental Brillouin data in later Chapters, 
which reveals that experiment accords well with calculations. 




Chapter 4 Eigenvibrations of Nanocubes 
4.1 Introduction 
Metal nanoparticles have attracted a great deal of interest due to their wide 
applications in optics (e.g. optical sensing, light emitting device), electronic devices, 
biological diverse (e.g. multi-enzyme biocatalysis, drug delivery building blocks), 
and H2 detection [50, 75, 76]. The intense interest in metal nanoparticles is partly 
driven by their applications in surface plasmonics. These plasmonic particles can not 
only be used to enhance local electromagnetic fields, which lead to the development 
of surface-enhanced Raman scattering (SERS) spectroscopy [10], but also have 
applications on waveguide, which serve as interconnects in nanophotonic devices [50, 
77]. Previous studies have shown that these properties are sensitive to both particle 
shape and size. Understanding how these properties of materials change with shape 
has been a long-standing problem in physical science, since all these studies have 
been traditionally limited to particles that have approximately spherical symmetry 
[77]. For nanostructures with shapes other than spheres, scarce investigations have 
been undertaken. Indeed, a major impediment to research into such nonspherical 
nanoparticles is the difficulty in synthesizing high-quality monodisperse nanoparticles 
[49].  Fortunately, due to their wide applications, recent years have seen the rapid 
development of synthetic techniques for producing nonspherical nanoparticles of 
various shapes such as cubes, octahedra, triangular prisms, and other exotic shapes 




[48-51, 78]. For instance, the large-scale synthesis of uniform-size silver nanocubes 
has been achieved by Im et al. following a polyol synthetic route [51].  
 
Very little experimental information on the confined acoustic phonons of 
nanosize cubes is available. Using time-resolved spectroscopy, Petrova et al. [49] 
observed only two modes in silver nanocubes. They attributed them to the breathing 
mode and an as-yet unclassified nontotally symmetric mode, induced respectively by 
uniform and nonuniform initial strains arising from ultrafast laser-induced heating. In 
their Brillouin study of GeO2 nanocubes, Li et al. could identify only one mode, 
namely the lowest-energy one as having torsional-like character [33]. Hence the 
resonance vibrations of the cube are not well explored experimentally. Also, Li et al. 
found that their GeO2 nanocubes, with mean edge lengths L in the 150 – 600 nm 
range, have elastic constants only one half those of bulk GeO2, ascribing the huge 
reduction to sample defects [33]. On the other hand, Petrova et al. deduced that the 
elastic constants of their cubes (L = 36 to 86 nm), are the same as those of bulk silver. 
However, with standard size deviations as large as 20%, their measurement precision 
is limited by sample polydispersity.  
 
In this project, the confined eigenmodes of highly monodisperse silver 
nanoscale cubes of various sizes were experimentally investigated using BLS. A 
macroscopic approach was used for the first time to calculate Brillouin spectral 




intensities of the confined acoustic modes of a homogeneous nanocube within the 
continuum approximation. A thorough characterization of the observed vibrations, 
based on calculated mode frequencies and intensities as well as numerically simulated 
displacement profiles, was carried out, with the modes labeled according to the 
Demarest classification scheme [79]. The experimental data can be used to ascertain 
if there are any defects in the nanosize particles studied. 
 
4.2 Fabrication of Ag nanocubes 
Silver nanocube samples with different sizes were provided by Assist. Prof. 
Lu Xianmao from the National University of Singapore. Silver nanocubes stabilized 
with poly(vinylpyrrolidone) (PVP) were prepared in ethylene glycol (EG) following 
the method developed by Im et al [51]. In a typical synthesis, a glass vial containing 
10 mL of EG was placed in an oil bath heated at 140 °C under stirring for 1 h. Then, 
2.1 mL of HCl solution (3 mM, in EG) was then injected rapidly into the mixture. 
After 10 min, 6 mL of AgNO3 (94 mM, in EG) and 6 mL of PVP (147 mM, in EG) 
were simultaneously pumped into the vial by using a two-channel syringe pump at a 
rate of 36 mL/h. The reaction vial was then capped and heated at 140 °C for 27.5 h, 
after which the product was washed with acetone and water several times to remove 
excess EG and PVP. The Ag nanocubes were finally redispersed in 16 mL of water.  
 




Silver nanocubes, of edge lengths L = 59, 67, 78 and 102 nm, have been 
studied. Figure 4.1 shows details for the typical silver nanocubes, with edge lengths 
of 67 nm and 102 nm. Characterization by field emission scanning electron 
microscopy (FESEM) reveals that the nanoparticles are monodisperse and their 




Fig. 4.1 FESEM images of the 67 nm (left) and 102 nm (right) silver nanocubes.  
  
4.3 Eigenvibrations of nanocubes 
Prior to the Brillouin measurements, various aggregates of loose silver 
nanocubes were prepared by eye dropping colloidal solutions of the nanoparticles 
onto respective clean pieces of silicon wafers, followed by vacuum drying at room 
temperature for several hours.  
 




Brillouin spectra of the four aggregates of Ag nanocube samples were 
recorded in the 180°-backscattering, with the 514.5nm radiation of an argon-ion laser 
and a 6-pass tandem Fabry−Perot interferometer. The data accumulation time for each 
spectrum was about 1h. Figure 4.2(a) shows a representative spectrum, that of the 
67nm cubes, which contains four peaks due to vibrational eigenmodes of the particles. 
Li et al. [32] has revealed that the vibrations of individual nanoparticles are not 
significantly affected by contacting neighboring nanoparticles. Eigenfrequencies of 
the four samples studied are plotted as a function of the inverse cube edge lengths in 
Figure 4.3.  
  






Fig. 4.2 Brillouin spectra of Ag nanocubes with edge length L = 67 nm. (a) Measured 
spectrum. Experimental data are denoted by dots. The spectrum is fitted with 
Lorentzian functions (dotted curves) and a background (dashed curves), while the 
resultant fitted spectrum are shown as solid curves. (b) Measured spectrum with a 
background subtracted. (c) Calculated spectrum broadened with a Lorentzian line 
shape. 
 




The peak positions of the spectral lines yield the resonance frequencies of the 
eigenmodes indicated by solid circles in Figure 4.3 for these nanocubes. The 
measured dependence of the eigenmode frequencies on cube size presented in Figure 
4.3, clearly reveals that the frequencies ν are proportional to the inverse cube edge 
length, i.e., ν  1/L. This linear dependence agrees with that found by Li et al. for the 
eigenvibrations of GeO2 nanocubes [33], and supports the generalized conclusion that 
the eigenfrequencies of any free regular-shaped homogeneous object always scale 
with its inverse linear dimension [80].  
 





Fig. 4.3 Dependence of measured and calculated mode frequencies on inverse edge 
length of silver nanocubes. Experimental data are denoted by dots. The theoretical 
data are represented by dashed lines. 
 




4.4 Simulation analysis of nanocubes 
Similar to the case for nanospheres, not all confined acoustic modes of 
nanocubes can be observed by Brillouin spectroscopy. To elucidate the nature of the 
confined acoustic modes of silver nanocubes, their eigenvibrations were computed 
using a numerical approach based on the finite element analysis technique described 
in Chapter 3. Equation (3.12), with the imposition of the stress-free boundary 
condition at the particle surface, was solved numerically using finite element method 
[81] to yield the frequencies and displacement profiles of the eigenmodes. The 
respective values of the Young’s modulus, Poisson ratio, and density of 74 GPa, 0.37, 
and 10.5 g/cm
3
 (corresponding to longitudinal and transverse sound velocities VL = 
3518.7 m/s and VT = 1603.6 m/s, respectively), taken from the bulk silver, were used 
[82]. 
 
The dependence of calculated mode frequencies on inverse edge lengths of 
silver nanocubes is represented by dashed lines in Figure 4.3. It can be clearly seen 
that there are more theoretical modes than the experimental ones, which means that 
not all the calculated modes are observed experimentally. 
 
In order to know the nature of the observed modes, the intensities of the 
eigenmodes of silver nanocubes were calculated using Eq. (3.42). The integration was 




taken over the skin depth (d = 5 nm) of the metallic cube rather than over its entire 




The modes of a cube were categorized as dilatational (D), torsional (T), shear 
(S), and flexural (F) modes by Demarest who labeled them using notations such as 
Ds1 [79]. The capital letter of the notation refers to the initial letter of the fundamental 
mode, the lower case subscript refers to the respective subsets s (denoting symmetric), 
a (antisymmetric) and d (doublet), while the numerical subscript indicates the energy 
ordering of the modes within a subset.  
 
An exemplary calculated spectrum of the 67nm Ag cube, shown in Figure 
4.2(c), reveals that the main intensity contribution comes from the dilatational Dd1, 
Dd2, Ds1 and Ds2 modes. As there is good agreement between the experimental 
spectrum (with background subtracted) and the calculated one (see Figure 4.2(b) and 
Figure 4.2(c)), the observed Brillouin peaks are ascribed to these dilatational modes. 
This assignment differs from that, based on only mode frequencies, of GeO2 
nanocubes by Li et al [33], who deduced that their lowest-energy mode observed by 
Brillouin scattering has torsional-like character.  





Fig. 4.4 Dependence of measured and calculated mode frequencies on inverse edge 
length of Ag nanocubes. Experimental data are denoted by dots with error bars, while 
the lines represent the theoretical frequencies of the Dd1, Dd2, Ds1 and Ds2 dilatational 
modes.   
 
Figure 4.4 shows the dependence of measured and calculated dilational mode 
frequencies on inverse edge length of Ag nanocubes. Good agreement between 
experiment and theory can be seen in Figure 4.4. It is to be noted that the elastic 
parameters were not fitted to the Brillouin data, but were those of bulk silver taken 
from Ref. [82]. The good agreement also suggests that the elastic constant values of 
the Ag nanocubes studied are comparable to those of bulk silver. The mode profiles 
of the first four observed modes are also shown in Figure 4.5.  
































Fig. 4.5 Simulated displacement profiles of the four observed dilatational modes. The 
displacement magnitudes are color-coded, with red denoting the maximal value. 
 
4.5 Eigenmodes of cubo-spherical objects 
Investigations of vibrational eigenmodes of an object, which arise from 
quantization due to spatial confinement, can provide an insight into any subtle 
dynamical changes in the size or shape of an object [16, 18, 32, 35, 74]. While many 
studies have been done on the dependence of eigenvibrations on particle size, there is 
scarce information on the influence of geometric shape on the eigenvibrations of a 




particle [16, 33, 49, 80, 83]. Indeed very often, for simplicity in analysis, particles are 
treated as perfectly spherical bodies [44-46] and the experimental data on their 
eigenmodes are analyzed within the Lamb theory [38] for a homogeneous free sphere. 
Hence, it would be of practical and fundamental interest to ascertain how minor 
changes in the geometric shape of an object affect its eigenvibrations.  
 
The correlation between the vibrational eigenmodes of the sphere and the 
cube, which are among the commonest geometric shapes of particles studied, is 
established. The confined eigenvibrations of cubo-spherical objects, which are 
defined as the inner envelopes of intersection of pairs of concentric cubes and spheres, 
are investigated. These objects, which will be referred to as cubo-spheres, are of 
interest since they are commonly present in the microstructure of materials like 
precipitate particles and sintered spherical powders [84, 85]. The correlation between 
the eigenmodes of the cube and the sphere is established for the first time, which can 
serve as a reference for determining the eigenfrequencies of cubo-spheres of any size.  
 
As an illustration, this correlation between the modes of an object and those of 
another, of a different geometric shape but of the same material, can be established by 
tracing the modes of the object as it progressively transforms from its original shape 
to that of the other object, via a series of intermediate shapes. This approach is 
illustrated for the case of the cube and sphere, both composed of silver. The 




intermediate objects are chosen to be silver cubo-spheres. The two limits represent 
the initial cube and the final sphere respectively. The objects can be described as 
rounded cubes for 2 L ≤ D ≤ 3 L and as faceted spheres for 1 ≤ D ≤ 2 L, where D 
= 2 L defines the demarcation ratio between these two categories. Exemplary cubo-
spherical shapes are illustrated in Figure 4.6. D is the diameter of the sphere and L the 
edge length of the cube. 
 
 
Fig. 4.6 Exemplary cubo-spherical objects (bottom row) corresponding to the inner 
envelopes of intersection of various pairs of concentric cubes and spheres (top row). 
They are referred to as rounded cubes and faceted spheres in the respective ranges of    
2 / 3D L   and 1 / 2D L  . 
 
The correlation diagram is established in the following ways: 




(1) For the calculations, a fixed size Ag cube (L = 78 nm) is chosen as the 
initial cube (D/L = 3 ), and D/L is progressively reduced.  
(2) The eigenvibrations of this initial cube were first calculated numerically.  
(3) A series of modes with frequencies (f) from low to high obtained and the 
first thirteen lowest-energy modes of the cube were identified.  
(4) Next, the eigenvibrations of the cubo-sphere of D/L = 1.718 which is 
slightly less than 3 were calculated numerically.  
(5) The respective modes are compared between the cubo-sphere of D/L = 
1.718 and the starting cube.  
(6) The selected eigenfrequencies and displacement profiles of the cubo-
sphere of D/L = 1.718 were found to have the closest resemblance to those of the 
modes of the initial cube.  
(7) Then, the eigenmodes of cubo-spheres of progressively smaller ratios were 
also numerically computed. Their modes were identified by comparing their profiles 
with the corresponding ones of the nearest preceding cubo-sphere.  
(8) This procedure was repeated for progressively smaller D/L values until the 
eigenvibrations of the final body having D/L = 1, viz. the sphere, were selected, at 
which stage the correlation diagram was completed. Figure 4.7 shows the theoretical 
eigenmode frequencies of cubo-spheres as a function of ratio D/L.  
 





Fig. 4.7 Correlation diagram: frequency f as a function of D/L for silver cubo-
spherical objects. D is the diameter of the sphere and L the edge length of the cube. 
Theoretical data are denoted by dots.  
 
In this procedure, the volume of the series of cubo-spheres does not stay 
constant. It is understood that the frequencies of the confined eigenvibrations of any 
free regular-shaped homogeneous object always scale with its inverse linear 
dimension [80]. To investigate the effect of only the variation in shape, the 














































normalized mode frequency fV
1/3
 was considered instead, where V is the volume of 
cubo-sphere. The resulting dependence of fV
1/3
 on D/L is shown in Figure 4.8. 
 
The respective lowest-energy modes of the Ag cube and sphere were 
identified from an examination of their displacement profiles and their assignments 
thus obtained are indicated in the correlation diagram of Figure 4.8. It is to be noted 
that, as the profiles of the higher-energy eigenmodes are rather complex, the complete 
correlation between only the first five lowest-energy modes of the sphere and eleven 
of the above-mentioned thirteen lowest-energy modes of the cube has been 
determined. Additionally, the D/L-dependence of the Ds1 mode frequency of the cube 
was also plotted in Figure 4.8 (see discussion below). 
 





Fig. 4.8 Correlation diagram: normalized frequency fV
1/3
 as a function of D/L for 
silver cubo-spherical objects. D is the diameter of the sphere and L the edge length of 
the cube. Theoretical data are denoted by dots, and the lines are only guides to the eye. 
The three vertical dashed lines represent D/L = 1 (sphere), D/L = 2  (demarcation 
value), and D/L = 3  (cube) respectively. 
 
Several interesting findings can be deduced from the correlation diagram in 
Figure 4.8.  




 (1) The degeneracy of the (n, l) mode of the sphere is lifted for the cube due 
to its lower geometric symmetry, with the number of split components being equal to 
the angular momentum quantum number l.  
(2) Correlation between the eigenmodes of the cube and the sphere is 
summarized in Table 4.1. As shown in Table 4.1, the Tor(1, 2) mode of a sphere 
correlates with two cubic modes Td1 and Fa1. The Sph(1, 2) mode of a sphere 
correlates with two cubic modes Ss1 and Dd1. The Sph(2, 1) mode of a sphere 
correlates with one cubic mode Fs1. The Tor(1, 3) mode of a sphere correlates with 
three cubic modes Ss2, Sa1, and Da1. The Sph(1, 3) mode of a sphere correlates with 
three cubic modes Fs2, Ts1, and Fa2.  
(3) Interestingly, certain frequency splittings occur at the demarcation ratio 
D/L = 2  as defined above. For instance, the frequencies of the dilatational Dd1-like 
and Da1-like modes are very close in the range 2  < D/L < 3 . However at D/L = 
2  (demarcation ratio), they start to diverge and finally become the respective Sph(1, 
2) and Tor(1, 3) modes of the sphere.  
 
  




Table 4.1 Summary of the correlation between the eigenmodes of the cube and the 
sphere. 
Eigenmodes of the cube Eigenmodes of the sphere 
Td1 
Torsional mode (1, 2) 
Fa1 
Dd1 
Spheroidal mode (1, 2) 
Ss1 
Fs1 Spheroidal mode (2, 1) 
Da1 
Torsional mode (1, 3) Ss2 
Sa1 
Ts1 
Spheroidal mode (1, 3) Fa2 
Fs2 
Fa3 Torsional mode (1, 4) 
Dd2 Spheroidal mode (2, 2) 
Ds1 Spheroidal mode (1, 4) 
 
(4) Also, for 2  < D/L < 3 , the displacement profiles of the modes of the 
cubo-spheres bear a closer resemblance to the corresponding ones of the cube, while 
for 1 < D/L < 2 , the mode profiles of the cubo-sphere more closely resemble those 
of the sphere. For example, consider the Fs1 mode of the cube which is correlated to 
the Sph(2, 1) mode of the sphere. The mode profiles of their cubo-spheres are more 




Fs1 flexural-like for 2  < D/L < 3 , but are more Sph(2, 1) spheroidal-like for 1 < 
D/L < 2 .  
(5) It is noteworthy that the mode frequencies are very sensitive to geometric 
shape variation for 1 < D/L < 2 , i.e. faceted spheres, but are relatively shape-
insensitive for 2  < D/L < 3 , i.e. rounded cubes.  
(6) It is interesting to note that the Dd1, Dd2, and Ds1 modes of a Ag nanocube, 
which were observed using BLS, are correlated to the spheroidal (1, 2), (2, 2), and (1, 
4) modes, with even l, of a Ag nanosphere, which is consistent with previous 
experimental observations on nanospheres [16, 18, 32, 36, 37]. 
 
4.6 Conclusions  
In summary, a series of silver cubes, with edge lengths lying between 59 to 
102 nm, have been measured by Brillouin light scattering. Based on the Brillouin 
intensity calculation, the observed modes of cubes are dilatational in character. The 
BLS results reveal that the elastic constants of silver nanocubes are comparable to 
those of bulk value.  
 
The correlation diagram between the eigenvibrations of the cube and the 
sphere has been constructed, which serves as a reference for determining the 




eigenfrequencies of cubo-spherical objects of any size. It is to be noted that the 
approach employed here to determine the correlation can be applied to establish that 
between the eigenmodes of a pair of homogeneous objects of any symmetrical shape 
and material. It is found that the degeneracy of the (n, l) mode of the sphere is lifted 
for the case of other cubo-spherical objects due to their lower geometric symmetry, 
with the number of split components being equal to the angular momentum quantum 
number l. Also, the eigenfrequencies of a spherical object are found to be highly 
sensitive to its geometric deformation into other cubo-spherical shapes. Hence for the 
case of even a minor deformation, it is important to acknowledge this point, instead of 
making a simplistic assumption of a perfect sphere. In contrast, the eigenfrequencies 








Chapter 5 Hypersonic Vibrations of Core-Shell Nanoparticles 
5.1 Introduction 
Core-shell nanoparticles have attracted much interest, as they show modified 
and improved properties derived from the core-shell components. In principle, one 
can achieve a precise control over the properties of core-shells by fine-tuning the 
chemical composition, geometric shape, and dimension of the core or shell [86]. 
These cores and shells can be synthesized practically using any material, like 
semiconductors, metals and insulators. According to the properties of their 
component materials, core-shell nanoparticles are mainly classified into four types: (1) 
inorganic-inorganic, (2) organic-organic, (3) inorganic-organic, and (4) organic-
inorganic core-shells.  
 
 
Usually, dielectric materials such as silica are used as the shell material 
because silica is an inert material, and thus it will not affect the redox reaction of the 
core materials. Another advantage of silica shell is that it is optically transparent so 
that the chemical reaction of the core can be easily monitored by spectroscopy. 
Additionally, a silica shell can reduce the conductivity of a metal core and prevent the 
photo catalytic degradation of a polymeric core. Also, a silica shell can be used for 




modulating the position and intensity of a colloidal metal surface plasmon adsorption 
band [49]. 
 
Metal nanoparticles have been the subject of extensive research due to their 
unique applications in many areas such as nonlinear optical switching [87], 
immunoassay labelling [88], and Raman spectroscopy enhancement [89]. Gold and 
silver colloids are probably the most studied and best established systems, and a 
variety of procedures have been developed to process them as stable dispersions 
characterized by relatively small size variations [90]. The properties of these colloids 
can be further tailored by coating their surfaces with uniform, conformal shells made 
of dielectric materials such as silica [91]. Nanosized metal-SiO2 core-shells are of 
particular interest due to their enhanced physical and chemical properties derived 
from the core-shell components. These properties have enabled numerous 
applications in diverse areas such as catalysis, optics, biomedicine, surface-enhanced 
Raman scattering, phototherapy, and colorimetric detection [3-12]. For instance, 
using gold−silica core−shell nanoparticles, Li et al. developed a new technique called 
shell-isolated nanoparticle-enhanced Raman spectroscopy which has a significantly 
higher detection sensitivity than existing surface- or tip-enhanced Raman 
spectroscopy [10]. 
 




For a wide range of such applications, information on the eigenvibrations of  
core-shell nanoparticles is of paramount importance as it allows the calculation of 
their thermal and mechanical properties such as the specific heat due to phonons [19]. 
While much research has been undertaken on the vibrational eigenmodes of single-
component nanoparticles [16, 18, 33, 57, 92], little information is available on the 
eigenvibrations of hetero-nanoparticles such as core-shell nanoparticles [35]. 
Especially, the eigenvibrations of core−shells with non-spherical symmetry, such as 
those with faceted cores, which to my knowledge, no study has been reported. The 
dependence of core-shell eigenmodes on the size, component materials and geometric 
shapes is of fundamental scientific interest.  
 
With the rapid development of synthetic techniques, nonspherical 
nanoparticles of various symmetries have been fabricated successfully [9, 11, 78, 93]. 
For coating gold or silver nanoparticles with amorphous silica shells, Giersig et al. 
have reported a three-step procedure that involved the use of an amineterminated 
silane coupling agent as the primer to render the gold surfaces vitreophilic [94]. 
Hardikar et al. later found that it was also possible to form uniform coatings of silica 
on silver nanoparticles without derivatizing their surfaces with any coupling agent 
[95]. For this study, monodisperse nanostructures in the form of silver cubic cores 
encased in silica spheres were fabricated using a modified Stöber sol−gel method for 
the first time.  





In this work, the hypersonic eigenvibrations of a series of monodisperse 
nanosized core-shells are investigated. The particle-size dependence of their 
vibrational frequencies is measured by Brillouin light scattering. This is the first 
experimental study of the eigenvibrations of Ag@SiO2 (cubic core)-shell nanospheres. 
Finite element simulations of the vibrational modes have also been carried out to 
identify and elucidate the nature of the observed eigenmodes. Information on the 
dependence of core−shell eigenmodes on the shape of the core, thickness of the shell, 
and component materials is revealed by numerical simulations. Eigenvibrations of 
hollow spheres will also be discussed in detail later in this Chapter. Such findings 
would be important in customizing core-shell nanostructures with desired thermal and 
mechanical characteristics. 
 
5.2 Fabrication of Ag@SiO2 (cubic core)-shell nanospheres 
The growth of silica shells on metal nanoparticles can be achieved using an 
approach adapted from the Stöber sol−gel method [51]. The key to this synthetic 
route is to attach a layer of functional ligands, such as (3-
aminopropyl)trimethoxysilane, onto the metal nanoparticle surface followed by 
hydrolysis of the −Si(OCH3)3 groups to form the silica shell.  
 




Here, the Ag@SiO2 (cubic core)-shell nanospheres were provided by Assist. 
Prof. Lu Xianmao from the National University of Singapore. These core-shells with 
various shell thicknesses were employed for Brillouin scattering studies. Briefly, the 
76 nm Ag nanocubes were prepared following the method described in Chapter 4. 
Then, these Ag nanocubes were coated with silica using a modified procedure 
reported by Graf et al [91]. 
 
Chemicals for fabricating Ag@SiO2 core−shell nanoparticles include: 
ethylene glycol (EG, Sigma-Aldrich), silver nitrate (AgNO3, Sigma-Aldrich), 
poly(vinylpyrrolidone) (PVP, MW = 55 000, Sigma-Aldrich), hydrochloric acid (HCl, 
37%, Merck), ethanol (C2H5OH, Merck), tetraethyl orthosilicate (Si(OC2H5)4, Sigma-
Aldrich), ammonium hydroxide (NH4OH, Sigma-Aldrich), and 18.2 MΩ · cm 
ultrapure water. 
 
 In a typical procedure, 0.1 mL of as-prepared Ag nanocubes, 1.077 mL of 
85.5 mM PVP solution, and 0.9 mL of H2O were stirred vigorously in a glass vial for 
12 h. The solution was then washed with H2O once to remove excess PVP in the 
solution and then transferred into ethanol. Subsequently, appropriate amounts of H2O 
and 45 µL of ammonium hydroxide (NH4OH) were mixed with the reactant solution. 
A mixture of 70 µL of Si(OC2H5)4 and 200 µL of ethanol was then rapidly injected 
into the reactant mixture. The reaction was stopped at desired reaction times, and the 




resulting core−shell nanoparticles were washed with ethanol and water. The 
concentrations of the reactants and reaction times are listed in Table 5.1. Finally, the 
Ag@SiO2 nanoparticles were redispersed in water. 
 












148 0.97 8.71 0.26 5 
184 0.97 8.71 0.26 10 
204 0.97 8.71 0.26 240 
262 0.97 5.45 0.26 240 
392 0.97 6.39 0.26 240 
802* 0.97 8.71 0.26 10; 120 
 
* The coating step was performed twice for this sample. 
 




Ag@SiO2 (cubic core)−shell nanospheres, with respective outer diameters D 
= 148, 184, 204, 262, 392, and 802 nm, were fabricated. Characterization by field 
emission scanning electron microscopy (FESEM) and transmission electron 
microscopy (TEM) revealed that the nanoparticles are monodisperse and their shapes 
well-defined, as shown in Figure 5.1. It is to be noted that the minimal possible outer 
core−shell diameter is 132 nm (≈    ), the body diagonal of the L = 76 nm cube, 
corresponding to the case where the shell just covers the entire cubic core.  
  







Fig. 5.1 (a) FESEM image of uncoated silver nanocubes of edge length L = 76 nm. (b, 
c) TEM images of Ag@SiO2 (cubic core)-shell nanospheres with respective 
diameters D = 184 and 802 nm. 
 




5.3 Brillouin measurements and data analysis of vibrational eigenmodes of 
Ag@SiO2 (cubic core)−shells 
As for the Brillouin measurements of silver cubes (Chapter 4), Brillouin 
spectra of the Ag@SiO2 (cubic core)−shells were excited by the 514.5nm radiation 
from an argon ion laser and recorded in the 180-backscattering geometry as 
discussed in Chapter 2. The laser power incident on the samples was of the order of a 
few milliwatts, and the data accumulation time for each spectrum ranged from 2 to 10 
h. 
 
The Brillouin spectra of the core−shells, which are generally well-resolved, 
feature several peaks. Representative spectra, displayed in Figures 5.2(a)−(c), show 
that each spectrum can be fitted with up to six Lorentzian peaks. The spectrum of the 
uncoated 76 nm silver nanocubes, shown in Figure 5.2(d), contains four peaks, which 
were fitted with four Lorentzian curves. A comparison of Figure 5.2(a) and Figure 
5.2(d) shows that the spectral features of D = 148 nm Ag@SiO2 core−shells and those 
of uncoated silver nanocubes are different. This indicates that the presence of even a 
thin SiO2 shell (≈ 8 nm thick, measured radially through a cube corner) can 
significantly affect the eigenvibrations of the nanocubes. It is noteworthy that the 
spectrum of the D = 148 nm core−shells also radically differs from that of solid 
homogeneous SiO2 spheres with a similar size of D = 140 nm, which features only 
one dominant peak (Figure 5.2(e)). However, with increasing shell thickness, the 




spectral features of the Ag@SiO2 heterostructures progressively resemble those of the 
homogeneous SiO2 spheres of similar sizes. This is evident from a comparison of 
Figure 5.2(c) and Figure 5.2(f), which shows the respective spectra of the D = 802 nm 
core−shells and the 790 nm SiO2 spheres. 
  





Fig. 5.2 (a-c) Brillouin spectra of Ag@SiO2 (cubic core)-shell nanospheres with 
respective diameters D = 148, 184, and 802 nm. (d) Brillouin spectrum of uncoated 
Ag nanocubes of edge length L = 76 nm. (e, f) Brillouin spectra of homogeneous 
silica spheres with respective diameters D = 140 and 790 nm. Experimental data are 
denoted by dots. The spectra are fitted with Lorentzian functions (dotted curves) and 
a background (dashed curves), while the resultant fitted spectra are shown as solid 
curves. 





The frequencies of the six Brillouin peaks, labelled as P1, P2, P3, P4, P5, and 
P6, are plotted as a function of inverse core−shell particle diameter in Figure 5.3. 
Also displayed are the measured frequencies for the L = 76 nm bare silver cubes 
plotted against 1/L. Figure 5.3 reveals that as the size of the particles decreases from 
D = 802 nm, the peak frequencies are blue−shifted. The increase in the frequencies is 
steep for the larger particles but is more gradual for the smaller ones. It should be 
noted that, as stated above, the minimal possible core−shell diameter is 132 nm. 
 





Fig. 5.3 Dependence of measured frequencies of Brillouin peaks, labeled by P1 to P6, 
of Ag@SiO2 (cubic core)-shells on their inverse diameters (1/D). Experimental data 
on the core-shells are denoted by circular dots. Brillouin data, denoted by squares, on 
the uncoated Ag cubes of edge length L = 76 nm are also plotted against 1/L. The 
dotted lines are guides for the eye. 
 
An earlier Brillouin study of homogeneous solid SiO2 nanospheres established 
that their observed modes are spheroidal in nature, and that their eigenfrequencies are 




inversely proportional to their diameters [16], confirming the theoretical prediction by 
Lamb [38], which was discussed in Chapter 3. It is expected that as the Ag@SiO2 
nanosphere becomes larger, the effect of its fixed-sized core on the vibrational 
frequencies of the nanosphere as a whole will diminish. In other words, the larger 
core−shells will effectively behave as homogeneous solid SiO2 nanospheres, as far as 
acoustic dynamics is concerned. Guided by this observation, the measured size 
dependence of the eigenfrequencies of the core−shells is compared with the 
calculated size dependence of the eigenfrequencies νnl of homogeneous SiO2 spheres, 
based on the Lamb theory. The calculations were performed following the procedure 
described in Chapter 3 and based on the respective Young modulus, Poisson ratio, 
and mass density values of 29 GPa, 0.18 and 1.96 g/cm
3
 (corresponding to 
longitudinal and transverse sound velocities VL = 4009 m/s and VT = 2505 m/s, 
respectively) determined for SiO2 nanospheres [18]. The calculated size dependences 
of the eigenfrequencies for the modes of SiO2 spheres, labeled as (n = 1, l = 2), (1, 3), 
(1, 4), (1, 5), (1, 6), and (1, 7) are shown as solid lines in Figure 5.4. It is to be noted 
that the spectral peaks observed by scattering from the core−shells are not assigned to 
the (n = 1, l = 2 – 7) spheroidal modes [73, 74] of a homogeneous SiO2 sphere. 
 





Fig. 5.4 Dependence of eigenmode frequencies of Ag@SiO2 (cubic core)-shell 
nanospheres on their inverse diameter. Measured frequencies of Brillouin peaks are 
denoted by dots whose size represents measurement errors. Numerically calculated 
data are shown as dashed lines. The solid lines represent the theoretical frequencies of 
eigenmodes (n, l), based on Lamb’s theory, of homogeneous SiO2 spheres. 
 
Figure 5.4 shows that the calculated size dependence for the SiO2 spheres 
(solid lines) is very close to the measured one for the larger Ag@SiO2 core−shells. 




This observation, together with the similarity of the Brillouin spectra of the large 
core−shells and those of SiO2 spheres of similar size, suggests that the observed peaks 
from the larger core−shells arise from eigenmodes which are spheroidal-like in 
character. Further, it can be deduced from these observations that the presence of the 
L = 76 nm cores has a limited effect on the vibrational mode frequencies of 
core−shells when their size is much larger than that of the core. 
 
To ascertain the acoustic dynamics of the core−shell particles, their 
eigenvibrations were computed using a numerical approach based on the finite 
element analysis technique. Equation (3.11), with the imposition of the stress-free 
boundary condition at the particle surface, were solved numerically using finite 
element method [72, 81] to yield the frequencies and displacement profiles of the 
eigenmodes. 
 
In the numerical calculations, the same values of the elastic parameters, used 
above to determine mode frequencies of the silica sphere, were used for the silica 
shells [18]. In the case of the silver cores, the respective values of the Young’s 
modulus, Poisson ratio, and density of 43 GPa, 0.43, and 10.5 g/cm
3
 (corresponding 
to longitudinal and transverse sound velocities VL = 3415 m/s and VT = 1196 m/s, 
respectively), taken from Ref. [49], were used.  





Briefly, identification of the observed eigenmodes of the core−shells was 
carried out as follows.  
(1) The eigenmodes of the largest core−shell (D = 802 nm) were first 
calculated numerically.  
(2) The resulting eigenfrequencies and displacement profiles were found to be 
very similar to those of the modes of a homogeneous SiO2 sphere with the same 
diameter, which were also numerically computed.  
(3) The six core−shell modes, whose frequencies and profiles match those of 
the (1, 2) to (1, 7) spheroidal modes of the SiO2 sphere, were then identified as those 
giving rise to the six observed P1−P6 peaks of the core−shell.  
(4) Hence, the observed modes of the core−shell are indeed spheroidal-like in 
nature. 
(5) Figure 5.5 depicts the simulated profiles of the six spheroidal-like modes 
of the D = 802 nm homogeneous SiO2 nanospheres, the D = 802 and 148 nm 
Ag@SiO2 (cubic core)-shell nanospheres, respectively. 
(6) Eigenmodes of core−shells of other sizes were also numerically computed. 
Their P1−P6 modes were identified by comparing their profiles with the 
corresponding profiles of the 802 nm core−shell.  




(7) The resulting eigenfrequencies are presented as dashed curves in Figure 
5.4, which reveals that the simulated data accord very well with the Brillouin 
measurements.  
 
It is noteworthy that the displacement profiles of the particle with the thinnest 
shell (D = 148 nm) are very similar in resemblance to those of the 802 nm one. 
 
 






Fig. 5.5 Simulated displacement profiles of the various spheroidal-like vibrational 
modes of the D = 802 nm homogeneous SiO2 nanospheres, the D = 802 and 148 nm 
Ag@SiO2 (cubic core)-shell nanospheres. The profiles of the spheroidal modes of the 
homogeneous SiO2 nanosphere, with respective angular momenta l = 2 to 7 for n = 1, 
corresponding to Brillouin peaks P1 to P6 in Figure 5.3. The displacement 
magnitudes are color-coded, with red denoting the maximal value. 
 




It is evident that for the larger Ag@SiO2 particles, the peak frequencies scale 
with inverse diameter (i.e.,   D-1), while the smaller ones exhibit a deviation from 
this linear relationship. This deviation occurs for particles with diameters D = 250 nm 
(i.e., D
-1
 > 4 µm
-1
). Interestingly, the diameter at which the onset of the deviation 
occurs, Dd, is dependent on vibrational mode, decreasing with increasing mode 
energy. This can be explained qualitatively as follows. The displacement amplitudes 
of the higher-frequency vibrational modes are small, while those of the lower-
frequency ones are larger. Hence, the vibrational energy of the former modes is 
expected to be confined mainly within the region below the surface of the core−shell 
sphere. In contrast, the lower-frequency modes have an energy distributed over a 
greater depth below the surface and are thus more sensitive to the presence of the core. 
It follows then that Dd is larger for lower-frequency than for higher-frequency modes. 
This is an interesting phenomenon which warrants further theoretical investigation. 
 
5.4 Material dependence of hypersonic vibrations of core-shells 
As stated above, it would be of interest to explore the effect that the hardness 
of the component materials has on the vibrational mode frequencies of the core−shell 
structure. To ascertain the influence of the material hardness of the core and shell on 
the vibrational mode frequencies, simulations were carried out on the core-shell 
structure with various component materials, viz. SiO2@Ag, Ag@SiO2, Au@SiO2, 
PS@SiO2 (PS represents Polysterene) and Diamond@ SiO2 core−shells.  





The influence of the material hardness is first investigated by carrying out 
simulations on the spherical Ag@SiO2 core-shells and the corresponding inverse 
spherical core−shells, viz. SiO2@Ag. Employing the above simulation procedure and 
material parameters for silver and silica, the respective frequencies of the lowest-
energy (1, 2) spheroidal mode of the homogeneous SiO2 and Ag nanosphere and the 
lowest-energy spheroidal-like mode of the Ag@SiO2 and SiO2@Ag spherical 
core−shell were calculated. The results are plotted as a function of inverse particle 
diameter and shown respectively as A, A′, B and B′ in Figure 5.6. The spherical Ag 
and SiO2 cores have the same diameter d = 94.3 nm. 





Fig. 5.6 Theoretical eigenmode frequencies of various nanoparticles as a function of 
inverse diameter. The four curves represent respective data for the (1, 2) spheroidal 
modes of homogeneous SiO2 spheres (solid violet line, A) and homogeneous Ag 
spheres (solid red line, A′); the lowest-energy spheroidal-like modes of Ag@SiO2 
spherical core-shells (dotted green line, B) and SiO2@Ag spherical core-shells (dotted 
orange line, B’). The spherical Ag and SiO2 cores have the same diameter d = 94.3 
nm. The inset shows the exemplary simulated displacement profile of lowest-energy 
spheroidal-like mode of Ag@SiO2 spherical core-shells. 





It can be seen from Figure 5.6 that the eigenfrequencies of Ag@SiO2 spherical 
core-shells (B) scale with D
-1
 for the larger particles and deviate from this linear 
relationship for the smaller ones. The “ vs D-1” curve of the inverse core−shells (B′) 
is similar to that of the Ag@SiO2 spherical core-shells (B). However, instead of 
bending downward away from the linear line representing the (1, 2) eigenmode of the 
SiO2 homogeneous sphere (A), the “ vs D
-1” curve of the inverse particles (B′) bends 
upward away from the linear line representing the (1, 2) eigenmode of the Ag 
homogeneous sphere (A′). This can be understood from the fact that, as silica is 
harder than silver, the mode frequency of a silica particle is generally higher than that 
of a silver one of the same size and shape. It is noteworthy that the frequency 
deviation from linearity at 1/D = 6.76 µm
-1
 (corresponding to our smallest D = 148 
nm) for the direct core−shell is larger than that for its inverse counterpart. This 
implies that, for a core−shell nanosphere comprising two given materials, a core 
composed of the softer material will have a stronger influence on the vibrational 
frequencies than one made of the harder material. 
 
In order to investigate the influence of the hardness of the materials of the 
core, the spherical core-shells with four different materials of core were used in this 
study, viz. Diamond@SiO2, Au@SiO2, Ag@SiO2, and PS@SiO2. The spherical cores 
(diameter d = 94.3 nm) of these four materials have the same volume. Among these 




four core materials, diamond is the hardest one, and PS is the softest one. In the case 
of the PS and Au core, the respective values of the Young’s modulus, Poisson ratio, 
and density taken from Refs. [37] and [80], were used in numerical calculations. The 
same values of the elastic parameters, used above to determine mode frequencies of 
the Ag core [49] and silica shell [18], were also used in this study. Table 5.2 shows 
the elastic parameters of four different core materials and the simulated profiles of the 
lowest spheroidal-like vibrational mode of these four spherical core-shells. 
 
  




Table 5.2 The respective values of the Young’s modulus, Poisson ratio, and density of 
different core materials, viz.  PS, Ag, Au and diamond are listed for comparison. 
 
Core materials PS Ag Au Diamond 
Young’s modulus 
(GPa) 
3.8 43 83 1220 
Poisson ratio 0.15 0.4 0.4 0.2 
Density 
(kg/m3) 
1050 10500 19283 3520 
Core-shells PS@SiO2 Ag@SiO2 Au@SiO2 Diamond@SiO2 
 
 Figure 5.7 shows the theoretical eigenmode frequencies of spherical 
Diamond@SiO2, Au@SiO2, Ag@SiO2, and PS@SiO2 core-shells as a function of 
inverse outer diameter. Like the previous study, the eigenfrequencies of these 
spherical core−shells scale with D-1 for the larger particles and deviate from this 
linear relationship for the smaller ones. As the diamond is harder than silica, the mode 
frequency of a diamond particle is much higher than that of a silica one of the same 
size and shape. Thus, the “ vs D-1” curve of the Diamond@SiO2 core-shells bends 
upward away from the linear line representing the (1, 2) eigenmode of the SiO2 
homogeneous sphere. 
 




For those “ vs D-1” curves of the core-shells, viz. Au@SiO2, Ag@SiO2, and 
PS@SiO2, which bend downward away from the linear line representing the (1, 2) 
eigenmode of the SiO2 homogeneous sphere, the frequency deviation is different. For 
example, the frequency deviation from linearity at 1/D = 6.76 µm
-1
 for PS@SiO2 
core−shell is the largest, while that for Au@SiO2 is the smallest. This may due to the 
contrast of the hardness between PS and SiO2 is the largest, while that for Au and 
SiO2 is the smallest. Thus, a larger hardness contrast between the core and shell 
materials will have a stronger influence on the vibrational frequencies.  





Fig. 5.7 Theoretical eigenmode frequencies of spherical core-shells as a function of 
inverse outer diameter. The four curves represent respective data for the (1, 2) 
spheroidal modes of homogeneous SiO2 spheres (solid blue line) and the lowest-
energy spheroidal-like modes of Diamond@SiO2 (dashed pink line), Au@SiO2 
(dashed orange line), Ag@SiO2 (dashed green line), and PS@SiO2 (dashed red line) 
spherical core-shells. The diameter of the spherical core is constant (d = 94.3 nm). 



































These theoretical findings are borne out by the experimental data obtained by 
Still et al. in their studies of SiO2@Poly(methyl methacrylate) (PMMA) (hard 
core−soft shell) [35] and polystyrene@SiO2 (soft core−hard shell) [92] spherical 
particles. For example, Figure 5.8 shows the dependence of Brillouin peak 
frequencies of SiO2@PMMA core-shells on the inverse nanosphere outer diameter. 
The diameter of these core-shells are D = 232, 294, and 405 nm. Measured 
frequencies of the Brillouin peaks are denoted by circular dots. As SiO2 is harder than 
PMMA, the mode frequency of a SiO2@PMMA core-shell is higher than that of a 
homogeneous PMMA solid sphere, especially, when the percentage of the core in the 
whole system becomes larger. Additionally, instead of bending downward away from 
the linear line representing the (1, 2) eigenmode of the homogeneous SiO2 sphere 
(shell material is harder) as shown in Figure 5.7, the “  D-1” curve of the core shell 
bends upward away from the linear line representing the (1, 2) eigenmode of a 
homogeneous PMMA sphere (shell material is softer) as shown in Figure 5.8. Thus, 
the “  D-1” curve of the core-shell bends downward or upward away from the 
linear line representing the (1, 2) eigenmode of homogeneous sphere made of shell 
material depends on the contrast of the hardness of the core and shell.  
 





Fig. 5.8 The first three lowest-energy eigenmode frequencies of SiO2@PMMA (hard 
core−soft shell) nanoparticles as a function of inverse diameter. Experimental data on 
the core−shells are denoted by circular dots. The dashed lines are guides for the eye. 
Experimental data are taken from Ref. [35]. Theoretical eigenmode frequencies of 
PMMA solid spheres as a function of inverse diameter are denoted by a continuous 
line.  
 





























5.5 Shape dependence of hypersonic vibrations of core-shells 
The effect of geometric shape was next studied by changing the shape of the 
core and shell, respectively. Two series of nano core-shells will be investigated in this 
section. Series I: changing the shape of the core while keeping the volume of the core 
constant, such as Ag@SiO2 and SiO2@Ag core-shells with spherical core and cubic 
core. Series II: changing the shape of the shell while keeping the volume of the shell 
fixed, such as Ag@SiO2 cubic core-cubic shell and cubic core-spherical shell. 
 
The influence of geometric shape of the core was first investigated by 
considering Ag@SiO2 nanospheres with a cubic core and a spherical core, 
respectively. The diameter of the spherical Ag core was set at d = 94.3 nm, so that it 
has the same volume as the L = 76 nm cubic Ag core (L
3
 = πd3/6). The simulated size 
dependences of the lowest-energy mode frequencies of these Ag@SiO2 core-shells 
with spherical core and cubic core are presented as B and C, respectively, in Figure 
5.9. The calculated eigenfrequencies of these Ag@SiO2 core-shells with different 
shape of core deviate from the “  D-1” linear relationship, for the smaller-sized 
structures (up to 1/D = 6.76 µm
-1
, corresponding to the smallest D = 148 nm).  
Additionally, it is evident from Figure 5.9 that the deviation from linearity is less 
pronounced for particles with a spherical core (B) than those with a cubic one (C).  
 




The effect that the geometric shape of the core has on the vibrational mode 
frequencies of the corresponding inverse core-shells, viz. SiO2@Ag nanospheres with 
spherical core (B′) or cubic core (C′), is also studied using simulations. The diameter 
of the spherical SiO2 core was set at d = 94.3 nm, so that it has the same volume as 
the L = 76 nm cubic SiO2 core (L
3
 = πd3/6). Like the Ag@SiO2 core-shells, the 
eigenfrequencies of their inverse core-shells scale with D
-1
 for the larger particles and 
deviate from this linear relationship for the smaller ones. Also, the deviation from 
linearity is more pronounced for particles with a cubic core (C′) than those with a 
spherical one (B′).  
 
This suggests that, for a core−shell composed of two given materials, a cubic 
core will have a greater impact on the core−shell vibrations than a spherical one, 
regardless of whether the core is composed of the harder or softer material. 
 





Fig. 5.9 Theoretical eigenmode frequencies of various nanoparticles as a function of 
inverse diameter. The six curves represent respective data for the (1, 2) spheroidal 
modes of homogeneous SiO2 spheres (solid violet line, A) and homogeneous Ag 
spheres (solid red line, A′); the lowest-energy spheroidal-like modes of Ag@SiO2 
spheres with a spherical core (dotted green line, B) and a cubic core (dashed pink line, 
C); the lowest-energy spheroidal-like modes of SiO2@Ag spheres with a spherical 
core (dotted orange line, B′) and a cubic core (dashed blue line, C′). The cubic core 
(edge length L = 76 nm) and the spherical core (diameter d = 94.3 nm) have the same 
volume. The inset shows the exemplary simulated displacement profile of lowest-
energy spheroidal-like mode of Ag@SiO2 spheres with a cubic core. 





The influence of geometric shape of the shell was next theoretically studied by 
considering the Ag@SiO2 core-shells with a cubic shell or a spherical shell. The 
length of the Ag cubic core is L = 76 nm for these two core-shell structures. To allow 
for a meaningful comparison of eigenvibrations of core-shells with different 
geometric shape of shells, an effective diameter Deff , defined for the cubic core-cubic 
shell have the same volume as a cubic core-spherical shell, is used. The volume of the 
core-shell is kept constant, which means the volume of Ag@SiO2 core-shells with a 





= πD3/6). Theoretical eigenmode frequencies of these core-shells as a function of 
inverse effective diameter are shown in Figure 5.10. The calculated eigenfrequencies 
of these Ag@SiO2 core-shells with different shape of shell deviate from the “  D
-1” 
linear relationship, for the smaller-sized structures (up to 1/D = 6.76 µm
-1
, 
corresponding to the smallest D = 148 nm).  It is evident from Figure 5.10 that the 
deviation from linearity is less pronounced for particles with a cubic shell than those 
with a spherical one (B and C). This suggests that, for a core−shells with a cubic core, 
a spherical shell will have a greater impact on the core−shell vibrations than a cubic 
one. Combining with the previous conclusion, it can be seen that the spherical core-
shell and the cubic core-shell will have a less influence on the core-shell vibrations 
than the cubic core-spherical shell structure. Thus, for core-shells with the same 
volume of core and shell, those having different shape of the core and shell will have 




a greater impact on the eigenvibrations of the core-shells than the ones with same 
shape of the core and shell. 
  





Fig. 5.10 Theoretical eigenmode frequencies of various nanoparticles as a function of 
inverse effective diameter. The three curves represent respective data for the 
dilatational modes Dd1 of SiO2 homogeneous solid cubes (solid violet line, A); the 
lowest-energy dilatational-like modes of Ag@SiO2 cubes with a cubic core (dashed 
green line, B); the lowest-energy spheroidal-like modes of Ag@SiO2 spheres with a 
cubic core (dotted pink line, C); The cubic core-shell and the cubic core-spherical 
shell have the same volume of core and shell, respectively.  





5.6 Hypersonic vibrations of hollow silica nanospheres 
Hollow spheres have been the subject of extensive research due to their 
unique applications in many areas such as in drug delivery and controlled release 
systems, chromatography, microreactors, and lithium storage [35, 96-99]. For 
example, hollow spheres can serve as synthetic pigments to contribute to the opacity 
of coatings through light scattering or as gloss enhancers for paper coatings [100]. 
When filled with a liquid, these hollow spheres can be used as controlled and 
sustained drug delivery systems in the pharmaceutical industry, to prevent 
encapsulated volatile compounds from evaporation or susceptible compounds from 
oxidative decomposition and for safe handling of toxic substances [101]. 
Investigation of hypersonic vibration of hollow nanoparticles will be discussed in this 
section. 
 
Silica hollow nanospheres with outer diameter D = 148 nm were studied. In 
order to compare the influence of the shape of the cavity on the eigenvibrations of the 
hollow spheres, a series of silica hollow spheres with three different geometric 
cavities in the form of a sphere, a cube, and a cylinder were studied. The volume of 
these three cavities is the same as the volume of the cubic core of the Ag@SiO2 
(cubic core)-shells. Thus,  




V(a cubic cavity) = V(a spherical cavity) = V(a cylindrical cavity),  (5.1)
3 3 3 24(76 )
3
nm L R R H     .                                      (5.2) 
The dimensions of three different geometric cavities in the form of a sphere, a cube, 
and a cylinder are summarized in Table 5.3. 
 
In the numerical calculations, the same values of the elastic parameters, used 
above to determine mode frequencies of the solid homogeneous silica sphere, were 
used for the hollow silica sphere [18]. The simulated profiles of the lowest-energy 
spheroidal-like vibrational modes of the hollow silica nanospheres with spherical, 
cubic and cylindrical cavities are shown in Table 5.3, respectively. 
  





Table 5.3 Simulated displacement profiles of the lowest-energy spheroidal-like 
vibrational modes of the D = 148 nm silica hollow spheres with spherical, cubic and 
cylindrical cavities, respectively. The displacement magnitudes are color-coded, with 
red denoting the maximal value. The respective dimensions of the cavities are listed. 
The spherical, cubic and cylindrical cavities have the same volume. 




Dimensions of cavity 
 
a silica hollow 
sphere with a 
spherical cavity  
 
 
R inner radius= 47.15 nm 
 
a silica hollow 





Ledge length = 76 nm 
 
a silica hollow 
sphere with a 




Rcylinder = 47.15 nm 
Hcylinder = 62.87 nm 
 




The dependence of the calculated eigenfrequencies as a function of the outer 
diameter of the silica hollow spheres was shown in Figure 5.11. Like the core-shell 
structures, the eigenfrequencies of hollow nanospheres scale with D
-1
 for the larger 
particles and deviate from this linear relationship for the smaller ones. Also, the 
deviation from linearity is more pronounced for nanospheres with a cubic cavity than 
those with a spherical one. Thus, a hollow nanosphere with a cubic cavity will have a 
greater impact on the eigenvibrations than a spherical one. Similarly, the deviation 
from linearity is more pronounced for hollow nanospheres with a cylindrical cavity 
than those with a spherical one or a cubic one. This implies that, nanospheres with 
cubic and cylindrical cavities will have a greater impact on the eigenvibrations of 
nanospheres with spherical cavity. 
 





Fig. 5.11 Theoretical eigenmode frequencies of hollow silica nanospheres as a 
function of inverse outer diameter. The four curves represent respective data for the 
(1, 2) spheroidal modes of homogeneous SiO2 spheres (solid orange line) and the 
lowest-energy spheroidal-like modes of hollow SiO2 spheres with spherical (dotted 
green line), cubic (dotted red line), and cylindrical (dotted blue line) cavities. 






In summary, high-quality monodisperse core−shells, in the form of 76 nm 
silver cubes encased in silica nanospheres, have been fabricated by a modified Stöber 
sol−gel method. The vibrational modes of these core−shell particles were investigated 
using Brillouin light scattering. The frequencies of the observed modes, which were 
ascertained to be spheroidal-like in nature, were measured as a function of particle 
size. For the larger particles, the mode frequencies were found to scale with inverse 
diameter, but deviation from this linear relationship was observed for the smaller 
particles. Interestingly, the onset of this deviation occurs at a smaller particle size for 
higher-energy modes than for lower-energy ones. Finite element simulations reveal 
that the mode displacement profiles of the Ag@SiO2 (cubic core)−shells closely 
resemble those of a homogeneous silica sphere. The experimental results were well 
reproduced by numerical calculations based on the finite element approach.  
 
The effect that the hardness of the component materials has on the vibrational 
mode frequencies of the core-shell structure has been revealed. Results of the 
simulations hint that, for a core−shell nanosphere comprising two given materials, a 
core composed of the softer material will have a stronger influence on the vibrational 
frequencies than one made of the harder material. Additionally, for a core-shell 
nanosphere with a silica shell,  the “  D-1” curve of the core-shell bends downward 




from the linear line representing the (1, 2) eigenmode of homogeneous silica sphere 
when the core is composed of the softer material. However, the “  D-1” curve of the 
core-shell bends downward from the linear line representing the (1, 2) eigenmode of 
homogeneous silica sphere when the core is composed of the harder material. Thus, 
the “  D-1” curve of the core-shell bends downward or upward away from the 
linear line representing the (1, 2) eigenmode of homogeneous sphere depends on the 
hardness contrast between the core and shell composed material.  
 
The effect of the geometric shape on the vibrational frequencies of core-shell 
nanoparticles has been revealed by changing the shape of the core and shell, 
respectively. The simulation results show that for a core−shell nanosphere composed 
of two given materials, a cubic core will have a greater impact on the core-shell 
vibrations than a spherical one, regardless of whether the core is made of the harder 
or softer material. Moreover, the simulation results also show that the eigenvibrations 
of a nanosphere are more affected than those of nanocube by the presence of a cubic 
core, regardless whether the cubic core is made of the harder or softer material. 
 
The eigenvibrations of hollow silica nanospheres with three different 
geometric cavities in the form of a sphere, a cube, and a cylinder were numerically 
studied. The “  D-1” curve of the hollow silica nanosphere bends downward from 
the linear line representing the (1, 2) eigenmode of homogeneous silica sphere. It is 




found that the frequency deviation from linearity at 1/D = 6.76 µm
-1
 for the hollow 
sphere with a cylindrical cavity or a cubic cavity is larger than that for the hollow 
sphere with a spherical cavity. This implies that, a cylindrical cavity or a cubic cavity 
will have a greater impact on the vibrations of the hollow sphere than a spherical 
cavity.  
 
The interest in nanoscale materials stems from the fact that their properties 
(optical, electrical, thermal, mechanical, chemical, etc.) are a function of their size, 
composition, and structure. Therefore, effective strategies to synthesize tailored 
nanomaterials reliably and predictably are required in order to meet the ever-
increasing demands (e.g., structural and compositional complexity) placed on 
materials synthesis and performance in nanotechnology. As the thermal and 
mechanical properties of a particle are related to its vibrational modes, these findings 
would be of value in customizing core−shell nanostructures with desired thermal and 
mechanical characteristics. 




Chapter 6 Acoustic Dynamics of Nanospheroids 
6.1 Introduction 
Numerous investigations into acoustic phonon quantization in nanoparticles 
have been undertaken over the last two decades [16, 33, 44-46, 80]. Due to the 
difficulty in synthesizing nanoparticles which are monodisperse in shape and size, 
very often the nanoparticles studied are, for simplicity in analysis, assumed to be 
perfectly spherical bodies [44-46] and the measured data are analyzed within the 
theory formulated by Lamb [38] for a homogeneous free sphere. The vibrational 
modes of a homogeneous free sphere are classified as torsional (T) and spheroidal (S) 
ones, both labeled by three indices (nlm). Here, to label the modes, the solution index 
n (n > 0), the angular momentum l (l ≥ 0), and the z-component of the angular 
momentum m  (–l ≤ m ≤ l) are used [102]. For a sphere, the eigenmodes, normally 
labeled by (nl), are independent of m. These modes are (2l+1)-fold degenerate. 
However, when a sphere is deformed into a prolate or oblate spheroid, the mode 
splitting in terms of the  z-component of the angular momentum m, viz. (m = -l, -l+1, -
l+2,…, l-2, l-1, l), is expected, analogous to the Zeeman splitting in atomic physics, 
arising from the lifting of degeneracy for singlet spin states in the presence of a static 
magnetic field, with the z-component of the angular momentum m corresponding to 
the magnetic quantum number ml. 
  




The acoustic modes of spheroidal objects with a wide range of dimensions 
have been studied, from very large structures like the Earth to very small structures 
like proteins or inorganic nanoparticles [103-107]. For example, in 2006 Hu et al. 
[103] observed the splitting and coupling of the toroidal and spheroidal modes due to 
the rotation of the Earth using new-generation superconducting gravimeters. Mariotto 
et al. [106] reported the Raman spectra of silver particles in NaCl and KI matrices, 
and showed that the particles have a spheroidal shape and undergo quadrupolar 
surface vibrations. However, the size polydispersity of their nanoparticles was 
relatively very large, and the shape of their nanoparticles was also not well-defined. 
Hernández-Rosas et al. [107] studied the Raman frequencies of acoustic modes of Bi 
nanocrystals using an elastic model for nonspherical geometry. However, they can 
only compare their experimental results with calculated torsional modes. Moreover, 
as this study carried out using Raman scattering, the assignment of the modes 
observed should be based either on selection rules or intensity calculations. For 
example, according to Duval’s prediction, torsional modes are not observable by 
Raman scattering from spheres. However, Raman selection rules for non-spherical 
nanoparticles have still not been formulated. To investigate mode splitting, arising 
from the lifting of degeneracy in nanospheres, an investigation into the acoustic 
dynamics of monodisperse nanospheroids was undertaken. 
 




In this chapter, a brief introduction to the fabrication and characterization of a 
2D ordered array of polystyrene (PS) nanospheres and oblate nanospheroids, which 
have been described in detail in Ref. [108], is given. Then Moszkowski’s [109] 
perturbation theory (Eq. 6.6) and finite element simulations are employed to ascertain 
the acoustic dynamics of the PS oblate nanospheroids. The lifting of the degeneracy 
of the lowest-energy spheroidal mode of PS nanospheres was observed by BLS for 
the first time.  
 
6.2 Fabrication of PS oblate nanospheroids 
This section describes the fabrication procedures and characterization of PS 
oblate nanospheroids. The outline of the fabrication and characterization methods is 
illustrated in the following flow chart (see Figure 6.1). The methods used will be 
covered in detail later. 
  





Fig. 6.1 Fabrication and characterization procedures of PS oblate nanospheroids. 
 
The samples, which were provided by Liew Meiqi Jacinth, were synthesized 
in the following way. Highly monodispersed colloidal solutions of PS nanospheres 
with a diameter D = 350 nm (size polydispersity  1.3%) were used. Two important 
criteria that must be satisfied during the fabrication of the PS samples were: (i) a 
monolayer of PS nanospheres must be obtained and (ii) the areas of monolayers 
obtained must be larger than the incident laser spot size (≈ 6 μm). Spin coating (SC) 
[110], a technique that allows thin films of PS nanospheres to be deposited on 
substrates by means of centrifugal force, was used. In order to achieve the right 
conditions for a monolayer, a balance between the centrifugal forces and viscous 




forces is required. Centrifugal forces can be adjusted by the rotation speeds of the 
spinner while the solvent viscosity determines the latter. After several trials, the final 
optimal rotation rate used was 805 rounds per minute (rpm) and the rotation duration 
was 4 minutes. A total of 18 samples based on PS 350 nm nanospheres were 
fabricated under this condition. The samples were cracked into pieces to view their 
side profiles. The scanning electron microscope (SEM) images of monolayer regions 
of PS 350 nm nanospheres are shown in Figure 6.2.  
 
 
Fig. 6.2 Top view (left) and side view (right) SEM images of 350 nm PS nanospheres. 
  
The aim of this step is to obtain oblate nanospheroids from these monolayers 
of highly-spherical PS spheres. When packed into a thin layer on a flat substrate, the 
spheres self-assemble into extended areas of ordered periodic arrays of packed 
spherical configuration [111-113]. Here, a simple technique, which exploits the self-




assembly of uniformly sized colloidal spheres on the surface of a Si substrate 
followed by reactive ion etching (RIE) [114, 115] that converts the spheres into 
nonspherical particles, was used. As reviewed in the literature by Choi et al. [116] 
and Tan et al [117], arrays of non-spherical PS particles can be fabricated using RIE 
while at the same time preserving their periodicity.  
 
For polystyrene, the samples were subjected to a gas mixture of primarily CF4 
(at 29.7 standard cubic centimeters per minute) and O2 (at 17.3 standard cubic 
centimeters per minute). The small amount of O2 involved has been proven to form 
smooth surfaces on the samples. CF4 and O2 form oxyfluoride ions that are highly 
reactive for polymeric substances [118]. Figure 6.3 shows the schematic of the 
etching of a PS nanosphere, atop a Si substrate, into an oblate nanospheroid. 
 






Fig. 6.3 Schematic illustrating the etching of a PS nanosphere, atop a Si substrate, 
into an oblate nanospheroid. 
 
After the etching process, each sample was viewed under the optical 
microscope and SEM to reaffirm the monolayer and to determine etching profiles. 
The samples were also cracked into pieces to view their side profiles. In Figure 6.4, 
the SEM images illustrate the PS samples with etching time t = 75 s (a = 164.7 nm, c 
= 146.7 nm) in the monolayer regions. a is the semi-major axis, c is the semi-minor 
axis of the oblate nanospheroid. 
 






Fig. 6.4 Top view (left) and side view (right) SEM images of PS oblate nanospheroids 
with etching time t = 75 s (a = 164.7 nm, c = 146.7 nm). a is the semi-major axis, c is 
the semi-minor axis of the oblate nanospheroid. 
 
In order to observe the relationship between the eigenfrequencies and 
distortion of nanoparticles, the samples were etched for durations of 15 s, i.e. for t = 
15, 30, 45, 60, and 75 s. For each etching duration, three samples were etched 
simultaneously, giving a total of 18 samples, including the three unetched samples. 
Measurements of their dimensions were taken for the nanospheroids from both the 
top view and the cross-section profile perpendicular to the Si wafer plane. Several 
measurements were taken and averaged so as to obtain accurate readings. One 
important criterion in measuring the cross-section profile is the choice of a 
nanospheroid that is located right at the front, and not farther back, i.e. behind any 




other nanospheroids. To do so, only images that show nanospheroids in their entirety 
were selected. The dimensions of the PS nanospheres and PS oblate nanospheroids 
determined from the SEM images are presented in Table 6.1.  
 
Table 6.1 Dimensions of the PS nanospheres with etching time t = 0 s and PS oblate 
nanospheroids with etching times t = 15, 30, 45, 60, and 75 s. a is the semi-major axis 
and c is the semi-minor axis of the oblate nanospheroid.  
Etching time (s) 2a (nm) 2c (nm) a (nm) c (nm) Re (nm)* c/a 
0 350 350 175 175 175 1 
15 345.3 340.1 172.7 170.1 171.83 0.984945 
30 338.6 328.2 169.3 164.1 167.55 0.969285 
45 335.6 320.1 167.8 160.1 165.19 0.954112 
60 333.6 303.3 166.8 151.7 161.61 0.909472 
75 329.4 293.3 164.7 146.7 158.47 0.89071 
* The effective radius (Re) of an oblate spheroid is the radius of the effective sphere 
which has a volume equivalent to the oblate spheroid.  
 
6.3 Brillouin light scattering from oblate nanospheroids 
The confined eigenvibrations of the PS oblate nanospheroids fabricated were 
investigated by Brillouin light scattering. Five aggregates of PS oblate nanospheroids 
with respective etching times t = 15, 30, 45, 60, and 75 s, were used in this study. All 
measurements were performed at room temperature in the 180°-backscattering 




geometry using a micro-Brillouin system comprising a (3+3)-pass tandem Fabry-
Perot interferometer, which was optically interfaced to a DM/LM Leica microscope, 
and equipped with a silicon avalanche photodiode detector. The green 514.5 nm 
radiation of the argon-ion laser was used to excite the spectra. Representative spectra, 
displayed in Figures 6.5(a)-(f), show that each spectrum was fitted with up to three 
Lorentzian peaks. 
  





Fig. 6.5 Brillouin spectra of (a) PS nanospheres with etching time t = 0 s and (b)-(f) 
PS oblate nanospheroids with etching times t = 15, 30, 45, 60, and 75 s. a is the semi-
major axis and c is the semi-minor axis. Experimental data are denoted by dots. The 
spectra are fitted with Lorentzian functions (dotted curves) and a background (dashed 
curves), while the resultant fitted spectra are shown as solid curves. (a) The Brillouin 
peaks arising from spheroidal modes of nanospheres are labeled by S(n, l). (b)-(f) The 
Brillouin peaks arising from spheroidal modes of oblate nanospheroids are labeled by 




(f) a = 165 nmS(1,2,2)
S(1,2,0)
S(2,1,1)
c = 147 nm
t = 75 s
S(2,1,0)
 
(e)a = 167 nmS(1,2,2)
S(1,2,0)S(2,1,1) c = 152 nm
t = 60 s
S(2,1,0)
t = 45 s
 
(d) a = 168 nmS(1,2,2)
S(1,2,0)
S(2,1,1)
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 A comparison of Figures 6.5(a) and (f) shows that the spectral features of PS 
nanospheres and those of PS oblate nanospheroids are different. The spectrum of the 
PS nanospheres, shown in Figure 6.5(a), features two peaks. However, with 
increasing etching time, the spectral features of the PS oblate nanospheroids 
progressively deviate from those of the PS nanospheres. It can be seen that the peak 
with lowest frequency in Figure 6.5(a) splits into distinct peaks in Figures 6.5(e)-(f).  
 
The volume of the series of fabricated PS oblate spheroids does not stay 
constant. To investigate the effect of only the variation in shape, the normalized mode 
frequency fV
1/3
 as a function of the ratio c/a is plotted in Figure 6.6. As mentioned 
above, a is the semi-major axis, c is the semi-minor axis and V is the volume of the 
oblate spheroid. Figure 6.6 reveals that as the deformation of the nanospheres 
increases with increasing etching time, the separation of the frequencies of the split 
modes is proportional to the ratio c/a. 
 





Fig. 6.6 Normalized frequency fV
1/3
 as a function of c/a for PS oblate nanospheroids. 
a is the semi-major axis and c is the semi-minor axis of the oblate nanospheroid. The 
solid lines represent the theoretical frequencies of spheroidal modes S(n = 1, l = 2, |m| 
= 2) (solid blue line), S(1, 2, 1) (solid red line), and S(1, 2, 0) (solid black line) based 
on Moszkowski’s perturbation theory (Eq. 6.6). The dashed lines represent the 
frequencies of spheroidal modes S(n = 1, l = 2, |m| = 2) (dashed blue line), S(1, 2, 1) 
(dashed red line), and S(1, 2, 0) (dashed black line) calculated numerically. 



























6.4 Perturbation theory 
The eigenvibrations of oblate nanospheroids were determined using the 
perturbation theory developed by Moszkowski [109]. The basis of this method is that 
a sphere can be transformed into a spheroid by making an appropriate coordinate 
transformation.  
 
Firstly, a parameter called the effective radius Re of the oblate nanospheroids 
is introduced. The effective radius Re of an oblate nanospheroid is defined as the 
effective nanosphere’s radius of equivalent volume. The effective radius Re can be 
calculated as follows. 
 
For an oblate nanospheroids, a > c, a is the semi-major axis and c is the semi-




 .    (6.1) 




eV a c R       (6.2) 
 




Then, the surface of the spheroid is defined by the following equations: 
         




                                               (6.3) 
               
 
                                                       (6.4) 
                                                                                (6.5) 
This spheroid has two semi-major axes, each of length        
 
    and one 
semi-minor axis of length        . d refers to the deformation and the volume is 
independent of d. It is to be noted that d = 0 corresponds to the perfect sphere. Re is 
the effective radius, which can be calculated from Eq. (6.2).  
 
Within the first-order perturbation, the eigenfrequencies (
d ) of the spheroid 
can be obtained from the energy equations of (20a) and (20b) of Ref. [109], i.e. 
                    
2
0











                                   (6.6) 
where 
0 is the eigenfrequency of the corresponding effective sphere. l (l ≥ 0) is the 
angular momentum, m (–l ≤ m ≤ l) is z-component of the angular momentum. 
 





0 ) of the effective sphere can be calculated using Eq. (3.37), 
based on the respective values of the Young’s modulus, Poisson ratio, and density of 
3.896 GPa, 0.146, and 1.05 g/cm
3
 for PS [17]. According to Eq. (6.6), the breathing 
mode S(n = 1, l = 0) of the sphere does not split with deformation. In addition, for the 
modes with the same value of n and l, the frequency (
d ) of the oblate nanospheroid 
with m = 0 is higher than the frequency (
0 ) of the effective sphere. The frequency 
(
d ) of the oblate nanospheroid with |m| = l is lower than the frequency ( 0 ) of the 
effective sphere. 
 
For instance, the spheroidal mode S(n = 1, l = 2) of the sphere splits into three 
modes S(n = 1, l = 2, |m| = 2), S(1, 2, 1), and S(1, 2, 0) of the oblate nanospheroid. 
The calculated size dependence of the eigenfrequencies of the modes of PS oblate 
nanospheroids, labeled as S(n = 1, l = 2, |m| = 2), S(1, 2, 1), and S(1, 2, 0) are shown 
as solid lines in Figure 6.6. It can be seen that the frequency of the mode S(1, 2, 0) of 
the oblate nanospheroid is higher than that of the mode S(1, 2) of the sphere. And the 
frequency of the mode S(1, 2, 2) of the oblate nanospheroid is lower than that of the 
mode S(1, 2) of the sphere. It is to be noted that only two split modes S(1, 2, 0) and 
S(1, 2, 2) of oblate nanospheroids are experimentally observed by BLS, which will be 
discussed later in this Chapter. The frequencies of the first twenty-five lowest-energy 
modes of the oblate nanospheroid with etching time t = 75 s (a = b = 164.7 nm, c = 
146.7 nm) and the prolate nanospheroid with a = 164.7 nm, b = c = 146.7 nm, are 




summarized in Tables 6.2 and 6.3, respectively. The experimental frequencies of the 
oblate nanospheroid with etching time t = 75 s (a = b = 164.7 nm, c = 146.7 nm) are 
also listed in Tables 6.2.  




Table 6.2 Theoretical and experimental frequencies of PS oblate nanospheroids (a = b 
= 164.7 nm, c = 146.7 nm) obtained by using Moszkowski’s perturbation theory (Eq. 
6.6) and the numerical calculations. a is the semi-major axis, c is the semi-minor axis 
of the oblate nanospheroid. The frequencies with good agreement between these two 




















T 1 2 2 3.197 3.126 2.972  
T 1 2 1 3.197 3.232 3.244  
T 1 2 0 3.197 3.267 3.424  
S 1 2 2 3.353 3.280 3.267 3.26 
S 1 2 1 3.353 3.390 3.402  
S 1 2 0 3.353 3.427 3.425 3.50 
S 2 1 1 4.071 4.008 3.813 3.82 
S 2 1 0 4.071 4.196 4.263 
S 1 0 0 4.670 4.670 4.677  
S 1 3 3 4.938 4.811 4.813  




S 1 3 2 4.938 4.938 4.941  
S 1 3 1 4.938 5.014 5.019  
S 1 3 0 4.938 5.040 5.040  
T 1 3 3 4.939 4.813 4.646  
T 1 3 2 4.939 4.939 4.924  
T 1 3 1 4.939 5.016 5.100  
T 1 3 0 4.939 5.041 5.146  
S 2 2 2 5.818 5.690 5.769  
S 2 2 1 5.818 5.883 5.781  
S 2 2 0 5.818 5.947 5.921  
S 1 4 4 6.289 6.112 6.114  
S 1 4 3 6.289 6.244 6.249  
S 1 4 2 6.289 6.339 6.353  
S 1 4 1 6.289 6.396 6.411  
S 1 4 0 6.289 6.414 6.433  
 
  




Table 6.3 Theoretical frequencies of PS prolate nanospheroids (a = 164.7 nm, b = c = 
146.7 nm) obtained by using Moszkowski’s perturbation theory (Eq. 6.6) and the 
numerical calculation. a is the semi-major axis, c is the semi-minor axis of the prolate 
nanospheroids. The frequencies with good agreement between these two calculations 
















T 1 2 2 3.321 3.396 3.550 
T 1 2 1 3.321 3.282 3.142 
T 1 2 0 3.321 3.243 3.096 
S 1 2 2 3.485 3.562 3.571 
S 1 2 1 3.485 3.447 3.448 
S 1 2 0 3.485 3.408 3.386 
S 2 2 1 4.230 4.295 4.172 
S 2 2 0 4.230 4.137 4.481 
S 1 0 0 4.854 4.854 4.859 
S 1 3 3 5.132 5.264 5.268 




S 1 3 2 5.132 5.132 5.136 
S 1 3 1 5.132 5.053 5.054 
S 1 3 0 5.132 5.026 5.032 
T 1 3 3 5.133 5.268 5.427 
T 1 3 2 5.133 5.133 5.130 
T 1 3 1 5.133 5.049 4.934 
T 1 3 0 5.133 5.021 4.878 
S 2 2 2 6.047 6.180 6.156 
S 2 2 1 6.047 5.980 5.978 
S 2 2 0 6.047 5.922 5.942 
S 1 4 4 6.535 6.718 6.731 
S 1 4 3 6.535 6.581 6.592 
S 1 4 2 6.535 6.482 6.490 
S 1 4 1 6.535 6.424 6.436 
S 1 4 0 6.535 6.404 6.425 
 
  




The assignment of the eigenvibrations of the PS oblate nanospheroids 
observed by Brillouin spectroscopy was based on the calculated frequencies and 
scattering cross-sections. The Brillouin intensities of the modes of the PS oblate 
nanospheroid were estimated using a macroscopic approach [73] described in Chapter 
3. Brillouin intensities of the modes S(n = 1, l = 2, |m| = 2), S(1, 2, 1), and S(1, 2, 0) 
of the PS oblate nanospheroids with etching times t = 15, 30, 45, 60, and 75 s were 
summarized in Table 6.4. For the oblate nanospheroids, the intensities of modes S(n = 
1, l = 2, |m| = 2) and S(1, 2, 0) are comparable, while the intensity of the mode S(1, 2, 
1) is negligible. Thus only two split modes S(n = 1, l = 2, |m| = 2) and S(1, 2, 0) of 
PS oblate nanospheroids are observed by BLS (see Figures 6.5(d)-(f)). It is to be 
noted that the first peak in Figures 6.5(b) and (c) is broad. This is due to the two split 
modes S(1, 2, 2) and S(1, 2, 0) with frequency separation less than 0.04 GHz (see 
Table 6.2), which can not be resolved. However, it is expected that the spheroidal 
modes S(2, 1) of PS nanospheres should split into two spheroidal modes of PS oblate 
nanospheroids, viz. S(2, 1, 1) with frequency 3.81 GHz and S(2, 1, 0) with frequency 
4.26 GHz (see Table 6.2), but this of 0.45 GHz splitting predicted was not observed 
experimentally. In addition, the intensity of these two modes of PS oblate 
nanospheroids becomes stronger with increasing etching time (see Figure 6.5), a 
result which is different from the theoretical calculations (see Table 6.4). These 
unexpected results warrant further investigation.  
  





intensity (arb. units) 
Spheroidal 
modes S(n, l, |m|) 
Table 6.4 Calculated Brillouin intensities of the spheroidal S(n = 1, l = 2, |m| = 2), 
S(1, 2, 1), and S(1, 2, 0) modes of PS oblate nanospheroids with etching times t = 15, 
30, 45, 60, and 75 s. a is the semi-major axis, c is the semi-minor axis of the oblate 
nanospheroid. 




S(1,2,2) S(1,2,1) S(1,2,0) S(2,1,0) S(2,1,1) 
t = 15 s  
(a = 173 nm, c = 170 nm)  
420 0 423 36 36 
t = 30 s  
(a = 169 nm, c = 164 nm)  
398 0 402 37 31 
t = 45 s  
(a = 168 nm, c = 160 nm)  
384 0 390 37 28 
t = 60 s  
(a = 167 nm, c = 152 nm)  
364 0 372 38 21 
t = 75 s  
(a = 165 nm, c = 147 nm)  
348 0 354 36 17 
 
However, for the other modes with higher frequencies, due to their lower BLS 
intensities and the broadening of the peaks, it is hard to observe their split modes. As 
the deformation of the nanospheres causes mode splitting and peak broadening, it is 
better to use the breathing mode, which does not split, for calculating the asymmetric 
broadening of the opal spectrum due to size polydispersity [16]. It is noteworthy that, 
the calculated intensity results show that the torsional modes of the oblate 
nanospheroids are still not observed, which was also verified by the experimental 
results.  





6.5 Numerical simulation 
It should be noted that Moszkowski’s perturbation theory (Eq. 6.6) is suitable 
for estimating the effect of only small deformations of the nanosphere on its 
vibrational frequencies. To elucidate the nature of the confined acoustic modes of PS 
nanospheres with large deformations along the minor axis, the finite element method 
was used. 
 
Firstly, the finite element method [71] was used to study eigenvibrations of 
nanospheres with small deformation to verify the results from Moszkowski’s 
perturbation theory (Eq. 6.6). Here, the spherical harmonic functions m
lY will be 
introduced. In fact, the Laplace spherical harmonics mlY can be visualized by 
considering their "nodal lines", that is, the set of points on the sphere where mlY
vanishes. Nodal lines of m
lY are composed of circles: some are latitudes while others 
are longitudes. One can determine the number of nodal lines of each type by counting 
the number of zeros of mlY in the latitudinal and longitudinal directions independently. 
For the latitudinal direction, the associated Legendre polynomials possess (l - |m|) 
zeros, whereas for the longitudinal direction, the trigonometric sin and cos functions 
possess 2|m| zeros. When the spherical harmonic order m is zero, the spherical 
harmonic functions do not depend upon longitude, and are referred to as zonal [119]. 




Such spherical harmonics are a special case of zonal spherical functions. When l = |m|, 
there are no zero crossings in latitude, and the functions are referred to as sectoral. 
For the other cases, the functions are referred to as tesseral. Then, by considering 
their "nodal lines" in the mode profiles, the Laplace spherical harmonics m
lY can be 
visualized.  
 
Thus, for oblate nanospheroids, the effect of m on the eigenvibrations of the 
nanospheroid can be clearly identified according to the mode profiles. The modes 
(frequencies f and displacement profiles including m) of PS oblate nanospheroids 
with etching time t = 75 s (a = b = 164.7 nm, c = 146.7 nm) were calculated 
numerically, based on the respective values of the Young’s modulus, Poisson ratio, 
and density of 3.896 GPa, 0.146, and 1.05 g/cm
3
 for PS [17].  
 
The eigenmodes S(n = 1, l = 2, |m| = 2), S(1, 2, 1), and S(1, 2, 0) of the PS 
oblate nanospheroids were calculated. The numerically calculated frequencies were 
denoted by dashed lines in Figure 6.6. Good agreement can be seen between the 
experimental data and the two theoretical results when the ratio c/a ≈ 1. 
 
The other modes of PS oblate nanospheroids with higher frequencies were 
also numerically calculated. Table 6.2 compares the frequencies of PS oblate 




nanospheroids with etching time t = 75 s (a = b = 164.7 nm, c = 146.7 nm) using 
Moszkowski’s perturbation theory (Eq. 6.6) and the numerical calculation, 
respectively. Frequencies for which there is good agreement between these two 
theories are highlighted in bold. 
 
Additionally, to ascertain the influence of the object shape on the vibrational 
mode frequencies, simulations were also carried out on the PS prolate nanospheroids. 
The frequencies of PS prolate nanospheroids (a = 164.7 nm, b = c = 146.7 nm) with 
corresponding inverse major and minor axes of oblate spheroids are listed in Table 
6.3. Also, for the frequencies with good agreement between Moszkowski’s 
perturbation theory (Eq. 6.6) and the numerical calculation are highlighted in bold. 
From Tables 6.2 and 6.3, it can be seen that Moszkowski’s perturbation theory (Eq. 
6.6) is only suitable for the spheroidal modes of oblate or prolate nanospheroids 
labeled as S(n, l, m), with a solution index n (n = 1), angular momentum l (l ≥ 0), and 
z-component of the angular momentum m (–l ≤ m ≤ l). 
 
Simulated displacement profiles of the oblate and prolate nanospheroids are 
listed in Tables 6.5 – 6.7.  
 




Table 6.5 Simulated displacement profiles of the spheroidal S(n = 1, l = 2, |m| = 2), 
S(1, 2, 1), S(1, 2, 0) and S(1, 0, 0) modes of the PS oblate nanospheroid (a = b = 
164.7 nm, c = 146.7 nm) and the PS prolate nanospheroid (a = 164.7 nm, b = c = 
146.7 nm). The displacement magnitudes are color-coded, with red denoting the 
maximal value. 
Spheroidal 
modes           
S(n, l, |m|) S(1, 2, 2) S(1, 2, 1) S(1, 2, 0) S(1, 0, 0) 
l-|m| 0 1 2 0 
2|m| 4 2 0 0 
Frequencies 3.27 GHz 3.40 GHz 3.42 GHz 4.67 GHz 
Displacement 





    
Frequencies 3.39 GHz 3.44 GHz 3.57 GHz 4.86 GHz 
Displacement 





    
  




Table 6.6 Simulated displacement profiles of the spheroidal S(n = 1, l = 3, |m| = 3), 
S(1, 3, 2), S(1, 3, 1) and S(1, 3, 0) modes of PS oblate nanospheroids (a = b = 164.7 
nm, c = 146.7 nm) and PS prolate nanospheroids (a = 164.7 nm, b = c = 146.7 nm). 




Spheroidal modes           
S(n, l, |m|) S(1, 3, 3) S(1, 3, 2) S(1, 3, 1) S(1, 3, 0) 
l-|m| 0 1 2 3 
2|m| 6 4 2 0 
Frequencies 4.81 GHz 4.94 GHz 5.02 GHz 5.04 GHz 
Displacement 




    
Frequencies 5.27 GHz 5.14 GHz 5.05 GHz 5.03 GHz 
Displacement 




    




Table 6.7 Simulated displacement profiles of the spheroidal S(n = 1, l = 4, |m| = 4), 
S(1, 4, 3), S(1, 4, 2), S(1, 4, 1) and S(1, 4, 0) modes PS oblate nanospheroids (a = b = 
164.7 nm, c = 146.7 nm) and PS prolate nanospheroids (a = 164.7 nm, b = c = 146.7 




modes           
S(n, l, |m|) S(1, 4, 4) S(1, 4, 3) S(1, 4, 2) S(1, 4, 1) S(1, 4, 0) 
l-|m| 0 1 2 3 4 
2|m| 8 6 4 2 0 
Frequencies 6.11 GHz 6.25 GHz 6.35 GHz 6.41 GHz 6.43 GHz 
Displacement 





     
Frequencies 6.73 GHz 6.59 GHz 6.50 GHz 6.44 GHz 6.43 GHz 
Displacement 





     
 
It would be of interest to investigate how major changes in the geometric 
shape of a sphere affect its eigenvibrations. Thus, the finite element method was used 
to elucidate the nature of the confined acoustic modes of PS oblate nanospheroids 




with large deformation along the minor axis. The influence of the symmetry broken in 
one direction is achieved by progressively reducing the semi-minor axis (c) of the 
oblate nanospheroids. The following procedure was adopted for the case of oblate 
spheroids.  
 
Firstly, a fixed-size (diameter D = 350 nm) PS sphere was chosen as the initial 
object (c/a = 1). Then, intermediate oblate nanospheroids considered were those 
obtained by progressively reducing c/a to a final value of 0.03 in steps of ∆c = 5 nm. 
It is to be noted that, this final value is very close to its minimal value (i.e. 0 < c/a < 
1). Exemplary sphere and oblate nanospheroids are illustrated in Figure 6.7. 
  






   
(a) c/a = 1 (b) c/a = 0.57 (c) c/a = 0.03 
 
Fig. 6.7 Exemplary (a) sphere (c/a = 1), (b) oblate nanospheroid (c/a = 0.57), and (c) 
oblate nanospheroid (c/a = 0.03). a is the semi-major axis, c is the semi-minor axis of 
the oblate nanospheroid. 
 
The method used for identifying the eigenmodes of an oblate nanospheroid is 
given below. 
(1) The modes (frequencies f and displacement profiles) of the initial PS 
sphere (D = 350 nm) were calculated numerically, based on the respective values of 
the Young’s modulus, Poisson ratio, and density of 3.896 GPa, 0.146, and 1.05 g/cm3 
for PS [17].  
(2) The first six lowest-energy modes T(n = 1, l = 2), S(1, 2), S(2, 1), S(1, 0), 
S(1, 3), and T(1, 3) of the initial sphere were calculated and their assignments 
obtained according to the simulated displacement profiles.  




(3) Next, the eigenmodes of oblate spheroids with c/a = 170/175 (≈ 0.97), 
corresponding to c = 170 nm, were numerically computed. Its displacement profiles 
and corresponding frequencies which were found to have the closest resemblance to 
those of the sphere were selected.  
(4) This procedure was repeated until the eigenvibrations of the final body 
with c/a = 5/175 (≈ 0.03) were selected, at which stage the correlation diagram was 
completed (as shown in Figure 6.8). 
  






Fig. 6.8 Correlation diagram between the oblate nanospheroid (c/a ≈ 0.03) and the 
nanosphere (c/a = 1): frequencies f of various nanoparticles as a function of c/a. a is 
the semi-major axis, c is the semi-minor axis of the oblate nanospheroid. Theoretical 
data are denoted by lines. 
 
In this procedure, the volume of the series of oblate spheroids does not stay 
constant. To investigate the effect of only the variation in shape, the normalized mode 
frequency fV
1/3
 was considered in Figure 6.9, where V is the volume of the oblate 
spheroids.  
































Fig. 6.9 Correlation diagram between the oblate nanospheroid (c/a ≈ 0.03) and the 
nanosphere (c/a = 1): normalized frequencies fV
1/3
 of various nanoparticles as a 
function of c/a. a is the semi-major axis, c is the semi-minor axis of the oblate 
nanospheroid. Theoretical data are denoted by lines. 
 
The correlation diagrams shown in Figures 6.8 and 6.9 reveal some interesting 
features, which are listed below.  
(1) The degeneracy of the (n, l) mode of a sphere is lifted due to lower 
geometrical symmetry, with the number of split components being equal to the 
angular momentum quantum number l+1.  

























(2) For oblate spheroids, it would be of interest to explore the effect that the 
geometric shape has on the vibrational mode frequencies of the oblate nanospheroids. 
If the frequencies were normalized, the eigenvibrations of oblate spheroids are very 
sensitive to the ratio c/a (see Figure 6.9).  
(3) Torsional modes T(n, l, m) with |m| = l, are more sensitive to the ratio c/a, 
and eventually the vibrations are confined to the edge of the nanospheroids as c/a 
approaches 0.. Figure 6.10 shows the simulated displacement profiles of the T(n = 1, l 
= 2) mode of the PS nanosphere and T(n = 1, l = 2, |m| = 2) mode of oblate 
nanospheroids with ratio c/a = 0.429 and c/a = 0.057, respectively. 
(4) As breathing mode S(n = 1, l = 0) of the sphere does not split, its 










profiles    
 (i) c/a  = 1 (ii) c/a = 0.429 (iii) c/a = 0.057 
 
Fig. 6.10 Simulated displacement profiles of (i) the torsional T(n = 1, l = 2) mode of 
the PS nanospheres (c/a = 1), (ii) the torsional T(n = 1, l = 2, |m| = 2) modes of oblate 
nanospheroids (c/a = 0.429), and (iii) oblate nanospheroids (c/a = 0.057). a is the 
semi-major axis, and c is the semi-minor axis of the oblate nanospheroid. The 
displacement magnitudes are color-coded, with red denoting the maximal value.  
 
6.6 Conclusions 
In this chapter, the eigenvibrations of PS oblate nanospheroids have been 
studied. Moszkowski’s perturbation theory (Eq. 6.6) and finite element simulations 
were employed to ascertain the eigenvibrations of the PS oblate nanospheroids. The 
degeneracy of the (n, l) mode of a sphere is lifted due to lower geometrical symmetry, 
with the number of split components being equal to the angular momentum quantum 
number l+1. The lifting of the degeneracy of the lowest-energy spheroidal mode S(1, 
2) of PS nanospheres was observed by BLS for the first time. However, it is expected 
that the spheroidal modes S(2, 1) of PS nanospheres should split into two spheroidal 




modes S(2, 1, 1) and S(2, 1, 0) of PS oblate nanospheroids, but this splitting was not 
observed experimentally. In addition, the intensity of these two modes of PS oblate 
nanospheroids becomes stronger with increasing etching time, a result which is 
different from the theoretical calculations. These discrepancies warrant further 
investigation.  
 
The displacement profile of each eigenmode of the oblate nanospheroid was 
identified. Simulation results shows that the breathing mode S(n = 1, l = 0) of the 
sphere does not split with deformation. The eigenvibrations of oblate spheroids are 
very sensitive to the ratio c/a if the frequencies were normalized. Torsional modes 
T(n, l, m) with |m| = l, are more sensitive to the ratio c/a, and eventually the vibrations 
are confined to the edge of the nanospheroids as c/a approaches 0.  




Chapter 7 Conclusions 
In this thesis, Brillouin light scattering (BLS), as a nondestructive technique, 
was employed to investigate the acoustic and mechanical properties of nonspherical 
symmetric nanoparticles, viz. Ag nanocubes (refer to Chapter 4), Ag@SiO2 (cubic 
core)-shell nanoparticles (refer to Chapter 5) and polystyrene oblate nanospheroids 
(refer to Chapter 6). The nature of the confined acoustic modes of these nanoparticles 
was ascertained by using the finite element method. 
 
 The confined acoustic modes of silver nanocubes have been studied by using 
BLS technique. A macroscopic approach was used for the first time to calculate 
Brillouin spectral intensities of the confined acoustic modes of a homogeneous 
nanocube with respective edge lengths L = 59, 67, 78 and 102 nm, within the 
continuum approximation. These calculated intensities reveal that their observed 
modes are dilatational in character, and that their elastic constants are comparable to 
those of bulk silver. Based on the finite element approach, the mode displacement 
profiles of the first four lowest-energy eigenmodes of a nanocube were also shown. 
Moreover, the correlation diagram between the eigenvibrations of a cube and a sphere 
has been constructed, which serves as a reference for determining the 
eigenfrequencies of cubo-spherical objects of any size. It is to be noted that the 
approach employed here to determine the correlation can be applied to establish that 
between the eigenmodes of a pair of homogeneous objects of any symmetrical shape 




and material. It is found that the degeneracy of the (n, l) mode of the sphere is lifted 
for the case of other cubo-spherical objects due to their lower geometric symmetry, 
with the number of split components being equal to the angular momentum quantum 
number l. Also, the eigenfrequencies of a spherical object are found to be highly 
sensitive to its geometric deformation into other cubo-spherical shapes. In contrast, 
the eigenfrequencies of a cube are not very sensitive to geometric deformation into 
other cubo-spherical shapes. Hence, for the case of even a minor deformation of a 
spherical body, it is important to recognize this point, and not to analyze data on its 
eigenfrequencies based on a simplistic assumption of a sphere. 
 
The vibrational modes of Ag@SiO2 (cubic core)−shell particles were 
investigated using Brillouin light scattering. The frequencies of the observed modes, 
which were ascertained to be spheroidal-like in nature, were measured as a function 
of particle size. For the larger particles, the mode frequencies were found to scale 
with inverse diameter, but deviation from this linear relationship was observed for the 
smaller particles. Interestingly, the onset of this deviation occurred at a smaller 
particle size for higher-energy modes than for lower-energy ones. Finite element 
simulations revealed that the mode displacement profiles of the Ag@SiO2 (cubic 
core)−shells closely resemble those of a homogeneous silica sphere. The 
experimental results were well reproduced by numerical calculations based on the 
finite element approach. The results of simulations hint that, for a core−shell 




nanosphere of two given materials, a core composed of the softer material will have a 
stronger influence on the vibrational frequencies of the core−shell than a core made 
of the harder material. Additionally, a cubic core will have a greater impact on the 
core−shell vibrations than a spherical one, regardless of whether the core is made of 
the harder or softer material. The eigenvibrations of hollow silica nanospheres with 
three different geometric cavities in the form of a sphere, a cube, and a cylinder were 
numerically studied. The “  D-1” curve of the hollow silica nanosphere bends 
downward from the linear line representing the (1, 2) eigenmode of homogeneous 
silica sphere. It is found that the frequency deviation from linearity at 1/D = 6.76 µm
-1
 
for the hollow sphere with a cylindrical cavity or a cubic cavity is larger than that for 
the hollow sphere with a spherical cavity. This implies that, a cylindrical cavity or a 
cubic cavity will have a greater impact on the vibrations of the hollow sphere than a 
spherical cavity.  
 
 The confined acoustic modes of the PS oblate nanospheroids have been 
studied by using BLS. The splitting of the lowest-energy spheroidal mode of PS 
oblate nanospheroids was observed by BLS for the first time. The nature of these 
confined acoustic modes of PS oblate nanospheroids was revealed by Moszkowski’s 
perturbation theory (Eq. 6.6). However, it is expected that the spheroidal modes S(2, 
1) of PS nanospheres should split into two spheroidal modes of PS oblate 
nanospheroids, but this of 0.45 GHz splitting predicted was not observed 




experimentally. In addition, the intensity of these two modes of PS oblate 
nanospheroids becomes stronger with increasing etching time, a result which is 
different from the theoretical calculations. Numerical calculations were also 
performed to extend theoretical study of the eigenvibrations of the oblate spheroids 
with large deformation along the minor axis. Simulation results show that the 
breathing mode S(n = 1, l = 0) of the sphere does not split with deformation. If the 
frequencies were normalized, the eigenvibrations of oblate spheroids are very 
sensitive to the ratio c/a.  
 
There are many interesting future investigations that can be done. For instance, 
the reason for the change in the relative intensities of the peaks with etching time, 
which is currently unexplained, can be further explored. In order to know the 
selection rules for different nanostructures, the development of the group theory is 
still needed, which may be a significant work for future study. Another interesting 
extension will be to explore why the diameter at which the onset of the deviation 
occurs, Dd, is dependent on vibrational mode, decreasing with increasing mode 
energy. 
 
 In summary, the hypersonic eigenvibrations of homogeneous and 
heterogeneous nanoparticles have been systematically studied in this thesis. 
Additionally these works have demonstrated that BLS is a powerful tool for 




investigating the acoustic dynamics and elastic properties of nanostructures. 
Knowledge of confined acoustic modes can be employed in areas such as potential 
detection of gravitational waves by resonant-mass detectors. As the thermal and 
mechanical properties of a nanoparticle are related to its confined acoustic modes, 
these findings would be of interest to both nanoscience and nanotechnology. 
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